Jlexkuusa 1.

BBenenmue.

1 Crarucruueckasi MoIeJib.

(a) IIpocrelimas mMonesib: BhIOOPKA.

K obmieit (abcTpakTHOlM) CTATHCTHYECKOH MOIEN MBI TIPUIEM, PACCMOTPEB HECKOIBKO
mapaMeTpPoB. 3a0IHO YKaxKeM, KaKuM 00pa30M CTATUCTUUECKUH MaTepPUaJ MOXKHO TPe-

CTaBUTb HATJIAIHO.
[Ipumep 1.

DTOT IpuMep s 3aMMCTBOBAJI U3 cTapoit KHurun A. XaJjibia, KOTOPYIo Jajlee MUTHPYIO.
XaJjibd MPUBOAUT pe3yabTaThl u3mepenuit 200 TOI0BOK 3aKJIETOK. IDTH UHUCJIA 3aITH-

CaHBbl B TOM TIOPHAJIKE, B KOTOPOM OHU TOCTYTIAJIN.
[TepBuyuHOE TpencTaBIeHNe TAHHBIX - TAOJIUIIA:

Ncxomable maHHBIE

Imametpsl 200 TOJIOBOK 3aKJIETIOK, MM

13,39
13,42
13,38
13,53
13,51
13,30
13,40
13,40
13,28
13,43
13,46
13,53
13,55
13,29
13,24
13,34
13,54
13,66
13,43
13,42
13,38
13,34
13,57
13,26
13,33

13,43
13,50
13,44
13,53
13,48
13,48
13,34
13,36
13,59
13,35
13,44
13,34
13,33
13,25
13,28
13,49
13,33
13,26
13,26
13,55
13,54
13,37
13,31
13,37
13,33

13,54
13,32
13,52
13,39
13,62
13,40
13,23
13,45
13,47
13,56
13,42
13,45
13,32
13,44
13,58
13,50
13,36
13,40
13,50
13,37
13,30
13,50
13,40
13,28
13,31

13,64
13,31
13,53
13,57
13,58
13,57
13,37
13,48
13,46
13,51
13,29
13,42
13,69
13,60
13,31
13,38
13,46
13,52
13,38
13,41
13,18
13,61
13,36
13,39
13,45

13,40
13,28
13,37
13,51
13,57
13,51
13,48
13,29
13,62
13,47
13,41
13,29
13,46
13,43
13,31
13,48
13,23
13,59
13,43
13,38
13,32
13,42
13,28
13,32
13,39

13,55
13,52
13,33
13,34
13,33
13,40
13,48
13,58
13,54
13,40
13,39
13,38
13,32
13,51
13,45
13,43
13,44
13,48
13,34
13,14
13,46
13,32
13,58
13,20
13,45

13,40
13,46
13,24
13,39
13,51
13,52
13,62
13,44
13,20
13,29
13,50
13,45
13,32
13,43
13,43
13,37
13,38
13,46
13,41
13,42
13,39
13,35
13,58
13,43
13,41

13,26
13,63
13,13
13,47
13,40
14,56
13,35
13,56
13,38
13,20
13,48
13,50
13,48
13,38
13,44
13,29
13,27
13,40
13,24
13,52
13,35
13,40
13,38
13,34
13,45

Tabruua 1.

1.1




Ina nosydenus 60Jiee ACHOTO TTPEICTABIEHN O TAHHBIX, PE3YIbTATH M3MEPEHMi pac-
MOJIATAIOTCA B COOTBETCTBHMM C WX BEJMYMHON CIenyiomuM obpasoM: Ha Oymary, pasrpa-
dbnennyio B keTKy (06BIYHO - HA MUJLTIMETPOBYIO GyMary ), HAaHOCUTCA TOPU30HTAJIbHAS
npsMas ¥ Ha, Helt CIeIaIbHBIM 00pa3oM pasMedaeTcs mKaJla. Pesyibrarsl Hab oaeHnit
OTMEYaloTCd TOTHOa TOYKaMM Hal COOTBETCTBYIOIIMMHU YUCJIaMU.

[IpaBUIBLHOCTD 3ANOJTHEHWA TOYEYHON HMATPAMMBI MOXKeT OBITh MPOBEPEHA TOCPE-
CTBOM CYMMAapHOTO MOACYEeTa 00mero 4mncjiaa HabJIogeHnii, Tpou3BEIeHHOTO KaK 10 Ta-
OJM1le UCXOMHBIX JAHHBIX, TAK W 10 TOYEUHOH mmarpamMmme.

ILJIH TOTO, I-ITO6]:»I NMETb BOSMOXKHOCTDL IIPOCJACONUTDL NOABJICHNE BO3MOXKHBIX OIIII/I6OK,
nepevducjieHue 1 CyMMUPOBaHNE OOJIZKHO BBINIOJIHATHLCA IIO I'PYyIIIaM, B Ka}K,U,Oi/JI N3 KOTO-
PHIX comepxuTca He OoJiee 100 HabIIOOEHMIA.

KOHTpOJIb CYMMUDOBaHEM, pa3yMeeTCd, HE ABJIdeTCAd BIIOJIHE HadeXKHBbIM, TaK KakK
TPU 3TOM CNIOCOOe KOHTPOJIA MPOTUBOTOJIOKHBIE TI0 3HAKY OMMUOKYM MOTYT KOMIEHCHUPO-
BaTh OpPYT Opyra.

PesysibTarhl HAOTIOIEHNT MOTYT TEPEYNCIATHCA TAKXKE TP TIOMOITH KaPM, TPUIeM
pe3yabTAT KaxkOOro M3 HAOJIONEHWHA HAHOCUTHCA HA KapTy, & KapThl COPTUPYIOTCS IO
BCJINYNHE YKa3aHHbIX B HUX Pe3YyJIbTaTOB.

Pucynox 1.

Pucynox 1. maer 6ojee dACHOe TIPENCTaBIEHUE NAHHBIX, YeM TEPBOHAYAJJIbHBIR CIIH-
cok u3 200 uuces. [IpencraBiienne MOXHO caejarh eme 60jiee HATJIAIHBIM IPH TTOMOTITA
TPYNNUPOBKY HAOJIOIEHN 1 TIOCTPOEHUd T.H. 2ucmozpamm. OOpaTnTe BHUMaHUE, KaK
M3MEeHEeHNEe MHTEPBAJIOB IPYNIUPOBKY OTpaxkaeTcda Ha ¢opme ructorpamm. Ha mocaemy-
OIIUX PUCYHKaX MOXKHO BUOETDh BJNAHNE U3SMEHCHNA OJIMHBI MHTEPBaJla I'PYIIINPOBKHA Ha
BHENTHWII BUJI TUCTOTPAMMBbI. JacCTOTHI U IPYTUe BEJIMINHBI, CBA3aHHBIE C pacpele/IeH -
€M, UCIIOJIB3YIOTCA B Ka4eCTBE€ OPANHAT II0CJI€ UX OEJICHMAd Ha OJINHY COOTBETCTBYIOIIUX
WHTEPBAJIOB TPYNTUPOBKYU: MO3TOMY €IUHUTA OPANHATHI 0OPATHO TPOTIOPIINOHAJIBHA JJT1-
He MHTEepBaJIa TPYNIUPOBKH, a lcM? mpencTaBidger Ha BeexX (PUTYpax OTHO M TO Xe 9HUCJI0
HabJII0 JeHuil.
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Pucynox 2.

Pucynox 3.

Pucynox 4.
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Pucynox 5.

Ecan giwHa WHTEpBaJa TPYNNUPOBKU MaJja, TO BJIUAHUE CAYYalHBIX KoJiebaHuit Ha-
YUHAET MPeodJ1aJarTh, TaK KakK KaXIbl# MHTEPBaJI CONEPXKUT MPH 3TOM JINIIHL HEGOJIbIIoE
YNCJI0 HAOJIOMEHN; ecam XKe JJINHA WHTEPBAJA BEJNKA, TO CKPAaIbIBAIOTCA OCHOBHBIE
XapaKTepHbIE YePTHI PaclpenesieHns.

['acTorpaMMbl 1 TOYeYHAA DUATPAMMA TTOKA3BIBAIOT, YTO HAHHBIE U3 mMabauysb, 1 BEOyT
cebd KaK COBOKYITHOCTb peajusaliuit Heko# caydaitHo#t Besmumnabl. B cratucTuke coBo-
KYTTHOCTH HE3aBUCUMBIX OJIMHAKOBO PaCIpPeleseHHBIX CAydalHbIX BEJIMIWH YaCTO HaA3bI-
BAIOT OJHIM CJIOBOM:6wi00pka. (CJI0BO 6b160pka MMEET B CTATUCTUKE U APYToe, GyKBaJIb-
Hoe 3HaueHne). Tak 4To HaHHBIE U3 Mabauyv, 1 TOX0XKY Ha BHIGOPKY. Ecam paszobparbes
B JleJie ToJiydiie (HAIPUMED, C TIOMOIIbI0 BHIOOPOYHOI DyHKIMN pacupenesieHus n HOp-
MaJIbHOI BEPOATHOCTHON Gymaru, 0 4eM, BO3MOXKHO, YIACTCA CKa3aTh 4yTh MO3XKE), TO
MOXHO yOEIUTbCA, YTO HTH IBECTH YHUCEJ MOXKHO CUMTATh BHIOOPKOH M3 HOPMAJIHLHOTO
pacupenenennsa (Bbl60pK0i71 U3 HOPMaJIbHOMU COBOKyl’IHOCTI/I).

WTtak, craructudeckada Momeab gjia 200 guces 3Toro mpuMepa - 9T0 BHIOOPKA U3 HOP-
MaJIbHOTO paclpenesiennd. [lapaMeTpsl 3TOro HOPpMaJILHOTO pacupeneseHnsd IPU 9TOM He
YTOYHAIOTCH; OHA OCTAIOTCHA HEOTPENeIeHHBIMU.

MoxHO yKa3aTh W HEKOTOPHIE 33JIaUM, €ECTECTBEHHBIE IJIA TOTO TPUMepa:

e O1eHNTb HEM3BECTHBIE TAPAMETPHI YIIOMAHYTOTO HOPMAJBHOTO PaCIpENeIeHN;
e YKa3aTh TIPENesbl, B KOTOPbIE YKJIaObIBAETCH PENNMUCAHHAA 101 U3Neni;

e [IpoBepuTh BHICKA3aHHOE YTBEDXKIEHWE (MPENNOJIOXKEHNE), YTO NaHHAA BHIOODKA
M3BJIeYEeHa M3 HOPMAJbHOW COBOKYITHOCTH;

" T.JI.

(b) ITpocras siuHeliHas perpeccusi.

Paccmorpnm nanuble n3 ctatbu 9. Xabbsa (E. Hubble) 1929 rona, rae Buepsbie Gblia
TIONTBEPKIEHA MBICJIb O PACIIMPEHNN BCEJIEHHOH (0 ”pasberanun raaaxTux” ).

DTN NaHHBIE CBA3BIBAIOT PACCTOAHME OT 3eMJIH 110 OamKaifimmux TymManHocTelt ¢ Jyde-
BBIMHU CKOPOCTSIMU 3TUX TYMAaHHOCTEI!.
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Ianuwie u3 cratbu F. Hubble 1929 roma, cBA3BIBAIONINE YIAJEHUA 1 JIYyY€BBIE CKOPOCTH
24 TymaHHOCTe]!.

PucyHoK HABOIMT HAC Ha MBICJIb (Tak Xe, Kak n 9. Xabbjia ceMbIeCcAT JieT Ha3am),
YTO JIy4eBbIE CKOPOCTHU B TIEJIOM” TPONOPINOHAJIbHB yIAJeHUAM:

yi = 0x; + &; 1=1,24
3mech:
® I, - yIaJieHne £;-TYMaHHOCTH,
® | - ee JIyueBad CKOPOCTD,

® y; - OTCTYILIEHNE OT JIMHEITHO 3aBUCUMOCTH. DTH OTCTYIJIEHNA, BO3MOXKHO, 00bAC-
HATCA COOCTBEHHBIMU ABMKEHUAMI TyMaHHOCTEH B TPOCTPAHCTBE, & TaKXKe Omub-
KaMM B U3MepeHNN CKOpocTell u yaajieHuit.

o Koaddunuenr 6, onpenenamonmit CKOpOCTb pacIIMpeHns TPOCTPAHCTBA, cefiuac Ha-
3BEIBAIOT nocmoannott Xabbaa.

Benmunnbl ynasaennit n ckopocTeil 1714 TeX TyMaHHOCTel, KOTOpble OTpasKeHbl Ha pu-
cynKe 5, BIIOCJIENCTBUY OBLJIN IEPECMOTPEHB] M YTOYHEHBI, TTI03TOMY YHCJ/IEHHOE 3HaUYeHue
f cuIbHO M3MEHUJIOCH TI0 CPABHEHUIO C TEM, KOTOPOe Hamiesa caM Xab0.T.

Brinm Tak:ke m3aMepeHbl yIajeHns U CKOPOCTH Jj1d MHOTUX IPYTHUX TyMaHHOCTel, Ha-
XOIANIMXCA Ha Topas3io O0IBIINX PACCTOAHUAX OT 3eMJIH, YeM IepBble IBaIIaTh YeThIPe,
0 KOTOpBHIX HammcaJl Xab0s. JInneiiHblt XapakTep 3aBUCHMOCTH, T€M He MeHee, COXpa-
HUJICA, OBLJI yOennTeIbHO TOATBEPKIEH W, B HACTOAINIee BPeMd, BhIpaXkKeH N3 OCHOBHBIX
3aKOHOB acTpoHOMHUU. Brnpouem, uncienHoe 3Ha4YeHne f Bce ele BONPOC AUCKYCCHOHHBIIH
(m 4pe3BBIYAiHO BaxKHBIN 11 TEOPHit BOSHUKHOBEHNS W HBOJIIONMA BCEJIEHHOM).

OcHoBHOe CTaTHCTIYECKOE TIPENOIOKEHNE O €1, . . . , Ep! ITO PeAJIN3AINA HE3ABUCHMbBIX
ciaydaiinpix BesnunH. VIMeHHO mpennoJioxenne o cayvalinocmu OTKJIOHEHUI OT onpene-
JIEHHO} 3aKOHOMEDHOCTH TO03BOJIAET Ha3bIBaTh 00CYXKITaeMyl0 MoIesb ABJEHUA CIMamu-
cmuveckot. anbHelilee HaKOIJIEHWE NAHHBIX /minm Gojiee riyGokwit mx aHasms, a
TaKXKe ONBIT APYTUX 337a4, OOBIYHO MO3BOJIAET CKa3aTh OOJIbIIE O CBOMCTBAX €1,...,¢Ey,
(9acTO TOBODAT: CAY4ATHHT OWUOOK):

(a) X
Ee; =0, I/IJII/IP(EZ>0):P(EZ<0):§,

(STI/I OPEOIoJIOKEeHNAd BbIpaXKalOoT MbICJIb 00 OTCYTCTBUU B omunbKax CUCTeMaTu4e-
CKOlt cocTaBAONIEdt. )

(b) CutyuaitHble BEJIMYWHBI £, . . . , £, OMUHAKOBO PACTIPEIEJIEHH;
(c) CuyuaiiHble BEJIMYMHBI €1, . . . , €, PACIPENETHHI TI0 (06IIEMY ) HOPMAJILHOMY 3aKOHY;
u T.JI.
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(c) Obmasa (aGcTpakTHasi) CTATUCTUYECKAS MOIEJIb.

Vmeerca nabmonenne X. 9To HAm cmamucmudeckut mamepuas. Bce BBIBOIBI MBI
OyneM nesiaTh, OCHOBBIBadCh Ha Habsomenuu X . Ero marematmueckad mpmpona He Cy-
mecTBeHHA: X MOXKET OBITh WM COBOKYIHOCTHIO YUCES, BEKTOPOM, MaTpuIleit, pynkimeit
BpeMeHU (HAIpUMED, KPUBOH, 3aNMCAHHON CAMOMMCIIEM) MJIM TIPOCTPAHCTBA, W.T.]I.

Mpu1 paccmarpuBaeM X Kak TOYKY HEKOET0 MHOXeCTBa X', HA3bIBAEMOTO 7pOCMPAH-
cmeom Habaodenutl, 8b160POUHBIM TPOCTPAHCINGOM, 2EHEPAALHOT COBOKYNHOCTIDIO N T.1I.

Bri6opouHoe TpoCTPaHCTBO X' MBI NPUMbICAUBGEM K HATIEMY PeajIbHOMY HaOJTIOIEHUIO
X, cobupada BMecTe BCce 3HAYEHWdA, KOTOPHIE - MO-HANIEMY MHEHWIO - MOTJIM TIOABUTHCA
BMECTO KOHKpeTHOro X.

Mpu1 npegnosiaraeM, 4TO HaHHOe 3HadYeHMe X TOABUJIOCH KaK PE3yJbTaT CAY4GUHO-
20 ewibopa daeMeHTa M3 X. IDTOT ciaydaitHbiit BEIOOp OBLI MPOM3BENEH B COOTBETCTBUM
C HEKOTOPBIM pacmupenesjenneM BepodaTHocTeit P Ha X. Kak mpaBmjio, 3T0 KOHKPETHOE
pacupenesieane P nHaMm He m3BecTHO. ONHAKO MBI MOXEM yKasaTb KaKWe-TO CBOMCTBa,
koropeivu P obJianaer. VHade roBopd, HAM M3BECTHO (MBI MOXKEM yKa3aTh) HEKOTODPOE
MHOXKECTBO P BepOATHOCTHBIX pacmupenesieanit Ha X', KOTOpOMY NPUHAJITIEXKUT HEN3BECT-
HOe MCTWHHOE pacmupenesenne P.

3agagya cTaTUCTUKY - BBIBOOLI O P Ha ocHoBanmm X. Hampmmep, ocHOBBIBadch Ha X,
BBIYNCJINTD MPUOJIMKEHHbIE 3HAUeHNA (DYHKIIMOHAJTIOB OT PP My OTBETUTH, COBMECTUMBI
Ju ¢ HaOoneHHbIM X TPENNOJIOXKEHNd O T€X WJIW WHBIX CBOMcTBax P.

MuoxecTBO P B TpakKTHYeCKUX 33/1a9aX YaCTO OKa3bIBAETCA MapaMeTPU30BAHHBIM C
TTOMOIIBIO HEKOTOPOTO TapaMeTpa , KoTophiit MeHdeTca B 3aganHo# obaactu ©. OOBIYHO
© - mHTEepBaJ YUCIIOBOH TpaAMoit (nm 6 - omHOMEpHBI TapaMerp) nian 06JacTh KOHEY-
HOMEDPHOTO TIPOCTPAHCTBA (KOTHA f - MHOTOMEDHBII TapameTp).

B mapamerpuyeckom ciydae:

PZ{Pg,eE@}

B sroit ofctanoBKe HAc OOBIYHO WHTEpECyeT 3HAYeHHE §, OTBeYAIONmee NCTHHHOMY
pacnpenesennio Py (ncrurnoe 3Hadenue §) ambo 3HaYeHMe Tex WM MHBIX GyHKuMHA 7(6)
npu uctrHHOM 6, 1 T.i1. OcHOBBIBasACh Ha X, MBI IOJIZKHBI HAWTH 11 HUX TPUOJIMKEHHbIE
3HAYEHMUH.

2 Teopema IyiMBEHKO.

(IIpumep Toro, Kax TO BHIGOPKE YyCTAHABIMBAIOTCA CBOWCTBA PACTIPENEsIEHNs BEPOATHO-
creit.)

Ilycts x1,Zo, . .., Ty - HE3ABUCHMBIE, OMHAKOBO DACTIPENEIEHHbIE CIyvIaliHble BeJIu-
yuHbl. X (06uryro) dbynknmo pacnpenenenus obosnaunm uepes F(X):

F(z) = P(z; < x)

O6o3naunm depes F,(X) Tax HaspIBaeMy10 samnupueckyro GyHKIHMIO PACTIPEIeIeHNs,
KOTOpad CTPOUTCH O BhIOOpKe. g 3TOT0 B KaXKIyI0 U3 TOYEK L1, L2, - . , Ly TOMECTUM
BEPOATHOCTh, PABHYIO % Tax Ha uyucaoBOit MpAMOIt BO3HWKAaET HOBOe paclpeleseHne

BepoaTHocTell. Ero dbynkumio pacnpenesenns m o6osnaumm uepes Fy(X). Ilostomy,
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F,(X) naswiBator eme n gynryueti pacnpedeserus evibopru. C MOMONBIO WHINKATOPOB
coobitnit I(zi < z), dbynkumio Fy,(X) MOXHO 3amucarh B BUJIE:

n

> I(zi < xz)

i=1

Fu(z) = %

Jamevanue:

YacTo GyHKIUIO pacupenesieHnsd ONpeneadioT 9yTh WHaUe, 9eM CKa3aHO BhI-
e, TOCPENCTBOM CTPOTUX HEPABEHCTB:

F(z) = P(z; < x).

B aT0oM ciydae aHAJIOTHYHO W3MEHAETCA U Onpenesienne (hbyHKINNA Pacmipene-
JeHns BHIOOpPKHU. Paszjnmume MexXIy 3TUMH OAByMsA ONpENE/IEHUAMH HECYIIe-
CTBEHHBI:

e 11714 HENMPEPHIBHBIX paclpeneseHnit OHN COBNAJAIOT,
e JUIA JAPYTWX PA3jIM4me COCTOWT JINIIb B TOM, C KaKOil CTOpOHBI (cJieBa

WM CTpaBa) DYHKIMA PaCIpene/ieHns OKa3hIBAeTCs HEPEPHIBHOM.

Chaenytomasa uuxe dopmyanpoBka Teopembl [JTHBEHKO He 3aBUCUT OT TOTO, KaKoi
BapHaHT olpedesicHud Mbl IPDUHUMaCM.
Teopema I'muBenko

I[TocoienoBaTeIbHOCTD CayudaitHbix BesmanH (n = 1,2,...)
D, = sup |Fu(z) — F(z)]
T

CXOOUTCAd K HYJIO IO BEPOATHOCTH IIPHA 72 — OQ.

Hpyrumn ciaosamm: ajis jaobeix € > 0, 6 > 0 naitnerca nomep N = N(g,0)
TaXxol, 4To

P{sup |F,(z) — F(z)|} >1-14¢
g Bcex n > N

,Honasame./tbcmeo.
HpenBapHTeﬂbele 3aMevYaHud.: OJ1d BCAKOIO 70

Fo(z) 25 F(2)

D10 BCero smmb nepedopmysanposka Teopembr Beprynm (0 CXOOMMOCTH YaCTOTHI
COOBITHA K €r0 BEPOATHOCTH B MOCJIENOBATEILHOCTH HE3ABUCUMBIX MCIBITAHMUI) 1Jj1d CO-
6ot {z; < z}.

CHavaJjia JOKA3aTeIhCTBO MPOBENeM s HenpepbiBHO# dyukumu F'(-). C HeGosbum-
MU U3MEHEHUAMHA 3TO OKAXKeTCsd CIPABENJINBBIM U JIjIsi PA3PHIBHBIX (DYHKIMH pacmpee-
JIeHUd, 0 4eM OyIeT CKa3aHO HUXKe.
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e [lycts R - HarypaJibHOe umcjo. Ero BeIOOp yTouHuMM mosxke. Paszobbem oTpe-
30k [0, 1] ocu opnurar Ha R paBHbIX wacteil. OnHoBpemeHHO, HA R 0TpeskoB
Ay, Ay, ..., A, 6ymer pasgesieHa U 0Ch a0CIUCC TOYKAMHE

— 0= < <AqW<...<apr=0
tne Ay = [ag_1,ax), F(ax) =k/R, k=0,1,...,R.

ITycts &' > 0, BuIbOp &' yTounuMm mosxe. Paccmorpum cobbiTHE

an{ max |Fn(ak)—F(ak)|<5’}

1<k<R—1

ITo yxe ynomsinyToit Teopeme Bepnysiim, cymectByer € Takoe, 94To
P(Q,)>1-19¢

s Bcex n > N(g',0). (Hpyrumum cioBaMm: CJI€ICTBHEM CXOOMUMOCTH B KaXJIOi
TOYKE ABJISETCA PABHOMEpHAA CXOOUMOCTh HA KaXKIOM KOHEYHOM MHOXKECTBE TO-
J€K. )

Teneps moKaxkeM, 4TO, €CJIM TPOU30NLIO COOBITHE (), TO (IPH TPABUIBHOM BBIOODE
' n R)
sup |Fn(z) — F(z)| <e.
—oo<Lz<0o
fcno, 9To
sup |Fy(z) — F(z)| = max_ sup |Fo.(z) — F(z)|

—00<T< 00 —17---7Rw€Ak

[TosTOMy, HOCTATOYHO TIOKA3aTh, YTO, €CJIU MPOU3ONLIO COOBITHE {1y, TO MJIs KAXKI0-
rok=1R

(%) wseuApk |F(z) — F(2)| < &.

[Tockosbky g o6oit dbysxkumn f(-)
sup | f(z)| = max[sup f(z),sup(—f(z))],
NI TOKa3aTesIbeTBa (*) J0CTATOYHO ONEHNTH CBEPXY TIOPO3HB

sup [F,(z) — F(z)] m sup [F(z) — F,,(z)]

TEA TEA

OrneHnM TOJIBKO TIEpBOE M3 IBYX BBIPAXKEHWil, MOCKOJILKY BTOpad OIEHKA TOJIyda-
eTCcd aHaJIOTUYHO.

B cuay Toro, 4ro dbyukunu pacnpenesnerns F'(-) m F,(-) MOHOTOHHO HeyGHIBAIOT,
npu £ € Ag = [ag—1, ax):

Fo(z) = F(z) < Fo(ar) — Flag—) = [Fo(ar) = Flar-1)] + [Flar) — Flag1)] =
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5+ [Palas) = F(@)

Ecsim mpounsontio cobwiTue €1, TO MENOYKYy MOXKHO MPOHOIXKATH U HATINCATH:

F.(z) — F(z) < =¢'

=] Mo

[Tpudyem 3T0 BEpHO I KaXKIOTO OTpeska Ay.

Ecim R n €' Bripats Tax, uto 3 + &' < €, T0 mosmyunm, uro (npn n > N(¢', 6)).

Q, C {sgp |Fo(z) — F(z)| < e}.

His1 HenpepbIBHBIX F'(+) 10Ka3aTeIbCTBO OKOHUEHO, TIOCKOJIBKY P(€,) > 1—4§, nia
BCEX IOCTATOYHO OOJILIINX 7.

Ilna ¢pyHKImit ¢ pasphiBaMu TO XK€ I0Ka3aTeIhCTBO MPOXOAUT € HEKOTOPHIMH H3-
MEHEHUSAMU.

Bsamen mocsienoBaTeTbHOCTH (al, asg, ..., aR), paccMOTpUM KOHEYHYIO TOCJIed0Ba-
TEJIbHOCTH
—0o=by<b) <...<bg =00

Takyiw, uto npupametnne F'(-) va kaxnom marepsasie (by_1,b;), k = 1, K, He mpe-
BOCXOZIAT &/2:
|F(by — 0) = F(be—1 + 0)] <

N ™

(TIumem Tpenesibl cjieBa W MPEeJibl CIPABa BMECTO TOTO, 9TOOBI B OIHOM CJIyYae
Hamucarh 3HaUeHne GYHKINY B TOUKE, C TEM, YTOOBI BBIKJIAIKA TOIUIIACH I 060X
onpenesiennii bynknun pacnpenenenus: mia P(z; < z) w nua P(z; < x).)

Kax MoxHO IIOCTPOUTDL TaKYIO IMOC/JI€d0BATE/IbHOCTDL, IIOKa3aHO Ha PHUCYHKE

B uactHoCcTH, B TOCjenoBaresibHOCTh (bg, by, . ..,bx) BOWIYT BCe TOYKM CKAIKOB
dbyskumn F(-), KoTopble IpeBOCXOaAT €/2 (MX KOHEYHOE 9YHCJIO).

Cobrrtue Q,,, KOTOpOe paHee ObLIO CBA3AHO C MOCJIEN0BATENBHOCTDIO (a1, g, - . . , AR),
TENEPh OMPENEaNM TaK:

Qn:{ max [|Fn(bk+0)—F(bk+0)|,|Fn(bk—0)—F(bk—0)|]<g}

1<k<K-1

ITo Teopem Bepuysuin (kak m pasbIne), IjId TOCTATOYHO GOJIBIINX 7

P(Q,)>1-19

C »TUM M3MeHEHNEM [I0KA3aTeThCTBO MPOXOAUT TaKXke, KaK M paHbine. O
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Mpu1 mokaszasim, uro F;, paBHOMepHO cxomutcd K F' mo BepoatHocTu. bBoJiee cmibHaa
dbopma 310l Teopembl (KoTOpas m GblIa JIOKa3aHa ee aBTopaMm: [JIMBEHKO - JJid He-
TPEPHIBHOTO Ciyvas, KanTesn ajs obmero) yrBepXIaeT CXOOUMOCTh C BEPOATHOCTHIO
1.

CooTHollleHNe MeX Oy dTUMHU IBYyMd TeopeMamu o cxogumoctu Fj, m F' Takoe xe, Kak
MEeXJIy 3aKOHOM GOJIBIINX YMCEsT MPOCTO W YCUJIEHHBIM 3aKOHOM GoJibimmx uncesi. (Teo-
pema [muBenko-KanTeniu n ecth 3akon 60bmuxX unces B (PyHKIIMOHAJTHLHOM TPOCTPAH-
CTBE).

Bnpouewm, njaa mpakTuKuW, UMeEOMER €710 ¢ KOHEYHBIMU BBIOOPKAMMU, CXOIUMOCTH C
BEPOATHOCTHIO 1 aeT He GOJIbINe, YeM CXOAMMOCTH TIO BEPOATHOCTH:

e Ecimn &, — £ (¢ BepodTHOCTBIO 1 JiM, TI0 BEPOATHOCTH JIM), TO [JIf JAHHOH Ham
BHIGOPKY (J1J151 JAHHOTO 1) 9TO O3HAYAET JINMIb, 4TO &, TpUOIMKEHHO paBHa & (ecn,
K TOMY X)e, ”7n OCTATOYHO BEJMKO” ).

[TosTomy, B Kypce Mbl 6yIeM pacCMAaTpPUBATH TOJILKO ~cjabble” TpenesibHbIE Teope-
MbI, YTBEDPKIAIONINE CXOINMOCTh MO BEPOATHOCTH, NAXKE €CJIN W3BECTHHI WX YCUJIEHHBIE
BapUAHTHI.
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Jlekimma 2

1 Ab6cTpakTHasi cTaTHCTHYECKasi MOIEJIb, Ppellaro-
myie IIpaBWJia.

Nmeerca mabmonenne X (Tak Mbl 0003HAYaeM MMEONMICA CTATUCTUYECKWI MaTepu-
aa. Ero marematmyeckasa mpupoma He BaXHA: 3TO MOXKeT ObITh HAOOD YUCES; YUCTIOBALA
TIOCJIEI0BATEILHOCTD; 3aIUCh, CAEJaHHAA CAMONNUCIEM, 1 T.0.), K nvewomemyca Hab0-
nennio X Mbl IPUMBICIUBaEM MHOXecTBO X, X € X, Ha3pIiBaeMoe BBIOOPOYHBIM TPO-
CTpaHCTBOM. BBIOOpOYHOE MPOCTPAHCTBO - 3TO COBOKYMHOCTH TAKMX MCXOMOB, KOTOPbIE
MOTJIM OBl TIOABUTbCA B HaImeM ombiTe BMecTo X. MBI mpemnoJsaraeM, 4To 3jeMeHT X
6bLT BHIOpaH W3 MHOXecTBa X ciydvaiiHo (ciyd9aiinbiii BEIGOD), COTJIACHO HEKOTOPOMY
pacnpenesieHnIo BepodaTHoCTel Ha X

DTO BEPOATHOCTHOE pacupenesenne P, Ha MHOXecTBe X HaM, KaK NMPaBUJIO, HE W3-
BecTHO. Vcxonda w3 ycjoBmit ombITa, MBI MOXKEM YKa3aTh JIUIIbL HEKOTOPHIE CBoicTBa P.
WNnage roBopd, MBI MOXEM yKa3aTh COBOKYITHOCTh P BEPOATHOCTHBIX Mep Ha X', KOTOPOii
TMPUHAIIEXKNUT pacupenesieane P.

B aToit cxeme 3amadeit MaTeMaTndecKoil CTATUCTUKYN SABJIAIOTCA BBIBOIBI O PacHpene-
JeHnu P, KOTOpble MOXHO TOJIYYNTh Ha OCHOBaHWM HabsroneHud X .

Bo MHOTMX MpPAKTWYECKM BaXkHBIX cjydadx (He Bcex!) MHOxXecTBO P mmeeT ecre-
CTBEHHYIO TIapameTpu3anuio, Tak uto P = { P, : § € O}, rne 3ananHOe TapaMeTpUIecKoe
MHOXKECTBO O NPUHAIIEKRUT KOHETHOMEPHOMY (aprdbMeTHIecKoMy) TTPOCTPAHCTBY.

CraTucTmyeckme 33194l 4acTO MPENCTABJIAIOT B mapaMerpuieckoit ¢popme. B sTtom
cJlyuae HaC MHTEPECYIOT BBIBOABI O 3HAYEHUHN .

2 OrnenuBaHMe: IIOCTAHOBKA 3ada4H.

B TedyeHme HECKOJILKUX JIEKINI MBI OyIeM o0CyXKIaTh 331a9y OIEHUBAHUSA TapaMeTpa
u/mmn byukumii ot §. ”Onennts” 3mech o3Havaer ” YKa3aTh NpubInKeHHoe 3HAUYeHNE”
onmpasch Ha Habmonenne X. Hamo naittu mpasBuio §(-), o KOTOMY KaxkIoe BO3SMOXKHOE
Habmmonenne X X mepecunThiBaeTcA B 3HaueHme O(X ), KOTOpoe fajiee BHICTYMAeT Kak
npubJIMKEeHHOe 3HaYeHne HemsBecTHOro mapamerpa 6 : 6(X) ~ 6. [JIu6o xax mpubim-
XKeHHOe 3HadyeHwe 1A 7(f) , ecam HaC MHTepecyeT He caM mapaMeTp f, a HeKOTopad
dbyukma ot Hero. B aTom ciyuae dynkua 7(+) mosxkHa 6HITH 3a1aHa.] 3anaua craru-
CTUKM: BHIOpaTh MpaBmiIo O(-) Tak, YTOGH ONMEHUTD § KAK MOXKHO Jiydlne (TOuHee).

MOXKHO TPEIJIOKUTD OYEHb MHOTO CIIOCO00B, n3Mepsawmux 6u3octb 6(X) u §. Obmas
TOYKA 3peHnd: ecTh QyHKIMA norepb L(#,d) > 0, npuHIMAOmMAasa ONpeNeeHHOe YNCIIO-
BO€ 3HAUEHWE, KOTJIa B KAYECTBE ONEHKN MCTUHHOTO § BHICTymaeT BesmumHa d. B cayuae
Habmonenna X u mpaBuiia oneHuBaHWA O(-) BesmumHa moTepb coctaBiager L(6,5(X)).
Hampuwmep, MoxeT ObITh

L(0,6(X)) = |0 — 6(X)|

nJim

L(,5(X)) = |0 —6(X)|? u T.0I.
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B xax oM oTHe/TbHOM ONBITE BEJIMYWHA TIOTEPH CiIydaitHa. B crarucTuke mpuHATO Xa-
PaKTEPU30BaTh CTATUCTUYECKWE TPABUJIa CPEIHUMH PE3YJIbTaTaMM, NOCTUTAEMBIMU TIPU
MHOTOKDPATHOM TTPUMEHEHU.

[To 3akoHy GOJBIUX YUCES BTO:

EpL(0,6(X))

(PasbsacHenne 0603HAUEHNMI: TAK KAK MBI JOJIKHBI JEPXKATH B yME BCE BOSMOXKHBIE 3HAYE-
Hud mapamerpa f € O, HaM cJlenyeT YKas3bIiBaTh, IO KAKOil MMEHHO Mepe Mbl TPOU3BOINM
OCpeIHEHNWE - T.e. BBIYUCJAEM MaTeMaTudeckoe oxumanme. VHpekc § okojo cuMBoOJIa
ocpentenns F unm BepoaTHOCTH P ABHO yKasbiBaeT Ha 3T0) Takum o6pa3oMm, TOYHOCTD
(a, cKOpee, HETOYHOCTD) MPABUJIA § ONHUCHIBAET TENEPh GYHKYUA PUCKG

fAcHo, uTo mpaBuio 4 (+) Jydme, Yem mpaBuiio do(-), ecan
(*) R(G, (51) < R(G, (52)

npu Beex § € O (a g HEKOTOPHIX 3HA4YEHUt f 9TO COOTHOIIEHNE €CTh CTPOrOe HEPABEH-
crBo). Hamnyummm cjenyer Ha3BaTh Takoe MpaBuio 0(-), KOTOpOe TPEeBOCXOANT J1i06oe
JIPYTO€e TPABUJIO.

K coxajeHunio, HANJIYyYIIeT0 B 9TOM CMBICJIE TPaBUJIa OOBIYHO HE CYIIECTBYET, OO
37€Ch peYb WIET O cpaBHeHmm dyHkumit. B mHOXecTBe dynkmmit ot § Buma R(6,0)
(tme 4(-) - dbynkuus or HabOHEHNIT) OOBIYHO HET MUHUMAJILHOTO 3jieMeHTa. (Xora Obl
noromy, uto npasuio 6(X) = 0°, rne 0° - bukcupoBanHOE 3HAYEHWE, HEJIB3A YTy UIIATH
B Touke f = 0°. Xorsa, npu ApyrEx §, 5TO NPaBWJIO HAKYIA HE TOIATCH. )

g mpeomoieHnd 9TOTO 3aTPYAHEHNA €CTh NIBE TJIaBHBIE BO3MOXkHOCTH. [lepBad - 310
n3ydeHue Jdonycmumoir TPABUIL.

Onpenenenne: [IpaBuiio 4 (-) HA3KIBAIOT donycmumovim, €CTA He CYIECTBYET Jo(+), Ns
KOTOpOTO BhimosHAeTcs (*).

HonycTumblie mpaBmiIa, O CYIECTBY, COBNAJAIOT C TaK HA3bIBAEMBIMHU 0aleco8CKUMU
NPAEUAAMU.

Onpenenenne: Batiecosckue npasuag - 3T0 ONTUMaJIbHBIE TPABMIA B CUTYaIlNH, KOTIA
HEM3BECTHHIN mapaMerp § mosiyueH myTeM cjiydaitHoro BHIOODA.

B atom caywae puck R(f,d) ecrecTBeHHO OoCpemHMTH eme u mo f - mo Toit (Bepo-
ATHOCTHOI) Mepe, KOTOpas ymnpasidjaa Bbibopom §. Puck mpasuia §(-) mocse aToro
npeBpamaerca B 4ncjo. [103ToMy 3ama49a 0 MUHUMYME HMeeT PeleHue.

Bsrigan Ha 6 Kax Ha caydalHyio BeJUYNHY HA3HIBAIOT Oaliecosckum nodrodom K CTa-
tucruke. OH MMeeT Kak ropAdYnX CTOPOHHMKOB, TaK W NMPOTUBHUKOB. MBI He Oymem
KacaTbCd €ro B JIEKINSX.

Hpyras BO3MOXHOCTb - IPOJOJIKEHNE TIOUCKA, ONMUMAALHOZ (T.e. PABHOMEDHO HAW-
Jgyunmx npasui) 6(-), Ho B Gojiee y3koM MHOX)ecTBe Bo3MoxkHocTell. CyxeHune mosis
BHIGOpA TOCTHMTAIOTCHA MYTEM HAJIOKEHUS Ha ONeHKY 0(-) KaKux-jmbo JOMOTHUTEbHBIX
(n ecrecTBeHHBbIX) TpeGoBanmil. Hambosiee BaxKHBIE PE3YJIBTATHI MOJYYEHBI I HECME-
WeHHBLL TIPABUI.

2.2



Onpenenenne: Onenka 0(-) mapaverpa 6 (6o dynkmun 7(6)) Ha3BIBaETCA HecMmeueH-
nott, ecoim Eyd(X) = 0 (sinbo Eyd(X) = 7(0)) nna Beex 6 € O.

Ilia BaxHOW ¢ MPUWKJIaTHON TOYKMW 3peHWd JIMHENHO# cTarucTmdeckoit Momenm yia-
eTcd HAliT! HamydIme HECMENEHHbIE ONEHK!, eCJI BhIOpaTh KBAIPATUIHYIO (DYHKITUIO
norepb L(#,d) = | — d|* (wm naxe pyHKIWIO TOTEPh ¢ MATPUYHBIME 3HAYECHAAMH
L(8,d) = (0 — d)(8 — d)T - cunrasa 0 n d BekTopamu-cronGnavm). B nanbueiimem junHeii-
Had MoJesh OydeT u3ydeHa HaMU TOIPOOHO.

V3 5TOTO KOPOTKOTO paccKkasa BUIHO, HACKOJIbKO HEONPEIEJIEHHBIMU U 3aBUCATINMNI
OT HAIIETO MPOM3BOJIA ABJIAETCA MYTh K ONTUMAJBHBIM CTATUCTUYECKUM pemmenuaM. Ha
€ro BHLIOOD BJIMAIOT HE TOJBKO JIOTMYECKHE COOOpakeHWs (OHM HENOCTATOYHBI), HO - B
OCHOBHOM - KOHEUYHBI{ pe3yIbTAT: YIAETCA JIU TOJYYUTh B €0 KOHIIE ABHBIE U PA3yMHbIE
CTATUCTUYECKUE TTPABUIIA.

19 HeCMeNeHHbIX OTIEHOK W KBaApPaTWu4HOi (hyHKIMYM noTeph (DYyHKINA PUCKA OTIEH-
ku 0(-) mpeBpamaeTcsas B AMUCIEPCHIO (B MATPUIY KOBAPHMAIMMA B BEKTOPHOM CJIydae):
R(8,8) = Ep(6(X) — 0)* = Ep(6(X) — Epd(X))? . 3amaua Temeph BHIJIAIAT OYEHD
€CTeCTBEHHO: HAJ0 HailTm HECMEIeHHYIO OIEHKY ¢ HauMeHbIme# mmcmepcueit. OmHako
noapobHee 3To# 3agadueit MbI 3afiMeMcsl HECKOJIBKO To3xke. A ceiiuac mpuBeneM BaxKHbIE
NI TEOPUU HEPABEHCTBA, KOTOPHIE B TAK HAZKIBAEMOM ~ PETYJIAPHOM Cjaydae”’ OTrpaHuydn-
BAIOT CHU3Y JUCIEPCHIO (J1J11 MHOTOMEDPHOTO TapaMeTpa - MATPUILy KOBAPMAIWIL) Kaxk moii
oneHkn. 1 HECMENEHHBIX OIIEHOK MMEHHO AMCIepcus (MATPHUIA KOBAPMAIWI) CIIyXKU
T €CTECTBEHHOIt Mepoit TouHocTH oneHuBaHud. [loaToMy 0OCyX)IaeMble HEPABEHCTBA TO-
Ka3bIBAIOT, YTO NI TOYHOCTW ONEHWBAHWA €CTb TPAHUIA CHU3Y. ITa TPAHUIEA 3aBUCHUT
OT CTPYKTYDHI CTATUCTUYECKON Momen (1M ee TapaMeTPU3aIiN ).

3 HepaBencrBo Kpamepa-Pao nJjis1 omHOMEepHOro ma-
pameTpa.

(Ono xe - HepaBeHCTBO MHGpOpMaIn, HepaBeHCTBO Dpere.)

Tax Ha3BIBAIOT HEPaB€HCTBO OJd OUCHEPCHUN CTATUCTUYCCKHX OIEHOK OOHOMEPHOTO
ImapaMeTpa, KOTOPpO€ MOXKHO BBIBECTHU IIPU MHOTOYUCJICHHBIX YCJIOBUAX IVIadKOCTH, HaJla-
TaeMbIX HA 3aBUCUMOCTb BEPOATHOCTHOTO PACIpPENEsIEHNd OT MEHAIIErocd IapaMeTpa.
Takoit TMN 3aBUCUMOCTH OT TapaMeTpa, KOTOPBIt Huxke Oymer onmmcan mompoOHee, da-
CTO HA3BIBAIOT PE2YAAPHLIM. BIpodeMm, comepxkaHue TOro TepMHUHA Oy/IeT MEHAThCH OT
38712491 K 3a]a9€.

[Iycrs X - mabmoneHne (KOHEYHOMEDHBIN BEKTOD), pACIPENEsIEHNe KOTOPOTO 3aBU-
CAT OT Hem3BecTHOro mapamerpa f, npuuem § € © C R, rne 6 - 3a0aHHOE OTKPHITOE
MHOXK€eCTBO.

OtnenbHO OymeM paccMaTpUBaTh JBE BO3MOXHOCTH:

(a) X mmeer morHOCTH p(2,0) (oTHOCHTENLHO MepHI Jlebera)

(b) nabaonenne X mMeeT OUCKPETHOE PACTIPENETIEHNE; B 3TOM ciyuae p(z, ) obosnaer
BEPOATHOCTh cO6BITHA X, p(x,#) > 0 1j1d CUETHOrO MHOXKECTBA 3HAYEHUN .

Brikjaaxn B 060MX CJIydasx WAYT ONMHAKOBO - C TOil pasHmueii, uto B ciaydae (a)
NI MATEMATHYECKNX OXMIAHWIT MBI IMIIEM WHTETpasbl, a caydae (b) - cymMMsr (pamsr).
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[ToaTromy moctaroyHo pazobparh B MONPOOHOCTAX KaKylO-THMOO ONHY W3 DTHX IBYX BO3-
MOXKHOCTell; cKaxeMm, ().
ITycrs T(X) - HEKOTOpad CTATUCTHKA, IPUHUMAIOMAA 3HadeHus B R', njsa Koropoii
CyIIEeCTBYET MaTeMaTU4eCcKoe OXWJIaHNe U JTHUCIePCus.
IIyctn
7(0) = EyT(X)

IIpennonoxenus o mwiorHocTH p(z, H)
(B3ATHIE BMECTE OHU W COCTABJIAIOT YCJIOBUSA PETYJIAPHOCTH)

(a) MuoxectBo A = {z : p(x,0) > 0} He 3aBucur ot # (310- HanbOIEE BaKHOE YCIIOBHE).

(b) TIpum Bcex z € A, § € O cymecTByeT

Az, 0) := 88_0 Inp(z,0)

(c) (BosmoxHnoctb nuddepeHnrpoBanns MO 3HAKOM MHTErPAJIA)

%A/p(x,ﬁ)d:v =A/%p(:v,9)d$(= 0),

8 [T@pla,b)dz = [ T(2) 2 pla, (= 7(6).

A A

BBenem Baxnoe monaTtue mHdopmanuu no Ouinepy, ToUHee: KOJIMYECTBA WHDOD-
MaIuu o mapametpe 6, cogepxameiica B HaO 0aeHUn X :

I(0) .= E, l% Inp(X, 9)] = Ep)*(X,0)

YeaoBue

(d)
0<1(f)< o0

Teopema (HepaseHcTBo Kpamepa-Pao).

B nepeunciennbix yegopusax (a)-(d)

() DyT(X) > [ (0))?

11 HeCMeIeHHbIX OTleHOK napamerpa 6, korna EyT'(X) = 6, u3 sroro uepa-

BEHCTBA CJIEIYET, UYTO

1
DyT(X) = 0)

,Honasame./tbcmeo:
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1. 3amernm, uto EpA(X,6) = 0. HelictBuresbHO, 3 (C) Mbl 3aKJII09a€M, UTO:
0 0
0= A/ %p(:v,ﬁ)d:v / lae Inp(z, 0)] p(z,0)dr = EpA(X,0)

2. AHasiormuHO, M3 BTOPOTO PaBEHCTBA (C) MBI TIOJTyYaeM, YTO
/T l Inp(z 0)] p(z,0)dz = EyT(X)ANX,0) = Eg[T(X)—T1(0)]A(X, 6).

[Tocniennee paBeHCTBO - Gotarogaps Tomy, uto EgA (X, 6) =

3. Hepasenctso Konm (-Bynsakosckoro-Pumana-I1IBapna u T.1):
(E€n)® < EEEn

TIPUMEHNM K TIOJIy9eHHOMY B 2) paBeHCTBY, nosaras & = T'(X) — 7(6), n = M(X, 6).
[Tostyynm, gTo:
[7'(0)]” < I(6) DoT(X)

Orcrona u ciaenyet ykasanHoe B Teopeme HepaBeHCTBO.[

Bameuanwel Ilycts X = (X1, Xo,...,X,) - BiOopKa. MOXHO TOBOPUTb O KOJIMIECTBE
nHdopMannm, 3aKI0UeHHO! B BhibOpke X - mycTh 910 Ix(f), n 0 KosmvecTBe mHMOD-
MAaIy, coaepXameiica B OTIeJbHBIX HAOJIONEHNAX - 3JeMEHTAX BBIOOPKU - MYCTb 3TO
i(6).

B sTux ycaoBuax

Ix(8) = ni(9)

Loxazamenvcmeo:
OueBngno: mpasnononobue § paBHO ﬁ f(X;,0), ecn gepes f(-,0) 0603HAUNTH TIIOT-
HOCTBH BEPOATHOCTEN OTIETBHBIX X7, . . .Z,:)lfn.
"0
Orciona: AMX,0) = Z 50 In f(X;,6)

n

DoM(X, 6) ZE l In f( XZ,G)r = ni(6)

I3 cKa3aHHOTO MOXKHO BBHIBECTH BAXKHOE KAYECTBEHHOE CJIENICTBHE O BO3MOXKHOI CKOPOCTH
YMEHbIEHNs MUCTIEPCHA HECMENIEHHO ONEHKM TpW BO3DACTAHWM UHCJIA HE3ABUCHMBIX
nabmonennit n: DpyT(X) > C/n, tne C = [i(0)] 7.

Sameyanue 2

2

0
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4 DKCHOHEHIMAJIbHBIE CEMEUCTBA

Cayuait, xorna uepaBencTBo Kpamepa-Pao (*) BbimosHsercs B BuIe paBeHCTBA, 3aCiIy-
xuBaeT ocoboro paccmorpenus. [Ipm BeiBone (*) Mbl npuvennsu HepaBencTBo Komm:

(3.1) (E¢n)® < E€*En?

B KOTOPOM PaBEHCTBO JOCTUTAETCA T. W T.T., KOTJIa MEXAYy CaydaltHbiMu BewduHamu &
7 7) CymecTByeT JinaeiiHad cBaA3b. IHave roBopd, KOT/Ia CyMIeCTBYIOT TaKme TOCTOTHHBIE
(taxme uncsia) A, B,C, 94T0 ¢ BEPOATHOCTHIO 1 BHINOJHAETCH PABEHCTBO

(3.2) A+ Bn+C =0

B namewm caygae € = A(X,0), n = T(X) — 7(0). Jna HAX NpHBEJEHHOE BHIIIE PABEHCTBO
IIPEBPAIIAETCH B

(3.3) T(X) = 7(8) + a(9)A(X, 6)

rae a(f) - HekoTopas dynkmua f. Ilocroannas C = 0, T.K. 37eCh MaTeMaTWYeCKue
oxumaHnd £ U 7) paBHBI HYJIIO.

Onenka T(X), miua xoropoit B (*) (u, cienoBarenbHo, B (3.3)) MMeeT MeCTO paBeH-
ctBo (mpu Beex 0 € O), HaswiBaeTca afifexmusnoti. CymecTByoT 3bbEKTUBHBIE OIIEHKH
JINIIB [ 0COOBIX TapaMeTPHYecKuX CeMeHCTB pacupene/eHuii ¥ JUb A8 HEKOTOPhIX
dbyHKIMH T.

By 9TuX mapaMeTpuuecKnx ceMeiicTB Mbl ceitdac ycranoBuM. Vcxomum u3 paBeHCTBA
(3.3). D10 paBeHCTBO As1a MIOTHOCTH (BepoaTHOCTH) p(x, ) Naer ypaBHeHMe
0 1 T(6
s Beex £ € A (em (a) u3 1) u Bcex § € © Unrerpupys, g p(z, §) moayyaem Bbipaxke-
HUE:

p(z,0) = expc(0)T(X) +d(0) + S(X)1a(z)

Bneck c(8),d(6), S(X) - nekoropbie dbyHKINM, 3aBUCANINE TOJBKO OT YKA3AHHBIX apTy-
MeHTOB, [4(z) - mumukaTopHas dbynkunsa MHoxectBa A. (3amernMm, 4TO MpencTaBieHne
moTHOCTH (3.4) B YKA3aHHOM BHJIE HE €INHCTBEHHO).

CemeiicTBO pacupenesieHuit, IIOTHOCTH (BEPOATHOCTH) KOTOPOTO MMeloT BU (2.4),
HA3BIBAIOT IKCNOHEHUUAALHBIM cemelicmeom. s SKCIOHEHIMATIBHOTO ceMelicTBa a¢-

!
dbexTuBHAA OneHKA cymecTByer nia dyHkumu 7(6) = —‘i, Ezg.
Pacnpenesienne BHIGOPKYM W3 SKCIOHEHIMAJIBHOTO CEMENRCTBa, T.e. paCHpeNeseHne Co-
BOKYTIHOCTH N He3aBUCUMBIX peasmsanmii (X, Xo,...,X,) cayvailHoit BesmunHbI, TpU-

HaJJIekalell SKCIOHeHIMAIBHOMY ceMelicTBy (3.4), oueBUIHBIM 00pa30M, B CBOIO OYe-
pejib, 06pa3yIT IKCIOHEHINATBLHOE CEMEHRCTBO C TIJIOTHOCTHIO (BEPOATHOCTHIO):

n n

p(T1, T2y ..., Ty, 0) = exp (0D T(x;)) + nd(0) + > S(xi)| Law.xa(@1, ..., Tp)

=1 =1

Muorue OPpaKTUYECKN BaXKHbIe IIapaMeTpUYeCKHe pacClpelejieHud BXOOAT B 9TOT
kJjacc. Hampuwmep:
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4.1 DBuHOMHUAJNILHOE paCIIpPEIeJIeHUE

, TIE:
7
p(z,0) = (Z)gw(l —0)""% = exp T +nln(l —6)+1n (Z)
Az =0,1,...,n;0 < § < 1. Ecrb addexkTuBnas onenka X/n nmaa napamerpa 6.

4.2 IlokasaTe/IbHOE pacIIpeleIeHue

(1 BEIGOPKA M3 MOKA3aTEJbHOTO PACTIPENESIEHN ), TIe

1 z
p(z,0) ={ 0°¥P (—5), nna x> 0,60>0
0 nnaz <0

?

g BEIOOPKHT

1\" 12
p(T1, ..., Ty, 0) = (5) exp <—§in>,nﬂﬂx20,020.
i=1

n
Hnsa napamerpa 6 ects addexTnBHad oneHka y X;/n.
i=1
B sakstouenne orMernM, uTo 3PGhEKTUBHAA ONEHKA MOXKET OBITh TOJIBKO OfHA (TO
€CTh TOJIbKO [71s1 ofiHO# yHkumn 7(6) u ee smHeitnbx dynkmmit). YTo6b HOKa3aTh 3T0,
JIOTIYCTAM TIPOTUBOTIOJIOKHOE: JIJId HEKOTOPOTO NapaMeTPUIecKOTO ceMelCcTBa eCTh IBa

paBeHcTBa Buna (3.3):
(3.4) T, = 1;,(0) + a;(0)A(X, 6),i = 1,2.
YMHOXWB BTOPO€ PABEHCTBO HA M BBIUTA PE3YJIbTAT W3 IIEPBOTO, TOJIYIAM, UTO:

a1(6) a1(0)
72(9)'+ a;zéjza()()

(3.5) Ti(X) =71(0)

. PaBeHcTBO (3.5) BO3BMOXKHO, TOJIBKO €CJIM:

a1(0)
GQ(Q)

Heitcruresnbro, T1(X) — Z;(Z)T2(X ) He JOIKHO M3MEHATHCH, KOTAAa M3MEHAETCH

(3.6) = Const, 71 (0) — 72(f) = Const

X, X € A. 910 BO3MOXKHO, TOJIbKO ecan a1(f)/az(0) He m3aMeHsETCA, KOTIA U3MEHAETCS
f € O.

U3 (3.6) coenyer, uro Bce 3 HeKTUBHBIE ONEHKN JIMHEHHO BBIPAXKAIOTCHA OHA 9€pe3
apyryio (eMm. (3.5)), kax u coorBercTBYIomMe byHkunm 7(6).

5 Crarucruyeckue OIEHKH IJIsI MHOTOMEPHBIX IIapa-
METPOB

5.1 Cuyualinble BEKTOPbI, UX CPEIHHWE U JTUCIIEPCUH

[Iycrs X - cayuaiinbiit 06bexT (coyuaiiHad BeJMUYMHA, CIyYaiiHbIi BEKTOD W T.I.), pac-
peieJIeHre KOTOPOTO OTIPeesIEHO TTapaMeTpoM 6.
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[Ipennosoxum, uto f - r-MepHBI# TapaMeTp, KOTOPBIH Mbl OyIeM TPEICTABIATH B
Buzie crosona: 0 = (61,...,0,)T, 0 € © C R", rne © - 3a1aHHOE OTKPHITOE MHOXKECTBO.
PaccmoTpuMm 3anauy onenuBanud § win dpyuknuit ot § mo wabmaonennio X. AcHo, 9To B
KadecTBe o1eHky § win 7(f) JOKHBI BHICTYTIATH CIIyYaiiHble BEKTOPHI COOTBETCTBYIOMIEH
pasmeproctu (dynkmmn ot X).

[TosTOMY TIpenBapUTETHLHO HAMO HAIOMHUTH, YTO TAKOE CJAyYaltHbIl BEKTOp, caydaii-
Hasdg MaTPUIA, UX MATEMATHYECKNE OXKUTAHNA ¥ KOBAPUAIINN, BMECTE C HEKOTOPBIMHU CBOM-
cTBaMu 3TUX 00beKTOB. CiydaitHbIit BEKTOP TPU 3TOM €CTh YaCTHBIN caydait cayuaitroit
MATPUIIHI.

Onpenenenne 1 Crayuaitnaa maTpunia Z ecTh MaTpHIla, 3JIEMEHTHI 2;; KOTOpo#t - cyTh
ciiydaitHble BEJTMYMHBI, 33JAaHHBIE HA 00IIEM TPOCTPAHCTBE 3JEMEHTAPHBIX NCXOIOB,
T.€. MMEIOMINE COBMECTHOE PaCIpeneieHne BEPOATHOCTE .

Omnpenenenne 2 Maremarnueckoe oxuIaHne CIydaitHolt marpunsl Z = ||z;|| ects

EZ = || Ez;|

Ymeeporcdenue 1 Ilyctb Z - coyuaiiHag MaTpuua, a Hecydaiinble (MOCTOAHHBIE) MATDH-
bl A, B, C - takoBbl, uro matpuna AZB + C cymectsyer. (PasmeprocTn MaTpu
A, B, Z u C corjlacOBaHBI B TOM CMBICJIe, YTO YKA3aHHBIE NeHCTBUSA OCYIIECTBIMBI).
Torna:

E(AZB+C) = A(EZ)B+C

B wactrocTH, eciiu Y - cayuaiinsiit BekTop, A - Hecsyvaitnaa marpuna u b - Hecsy-

qaliHbIl BEKTOD, TO
E(AY +b) = A(EY) +b,

TOTOa YKa3aHHbI€ Oollepallui (YMHO}KeHI/IH n CJIO}KeHI/IH) OCyIIeCTBUMEI.

Ymeeporcdenue 2 Ilycts Z1 m Zy - aBe ciaydaitHble MaTPHILI, ONpeNeIeHHbIe Ha 00meM
NI HAX TPOCTPAHCTBE 3JIEMEHTAPHBIX UCXOIO0B. IIycTh MX pasMepHOCTH COBIaIA-
10T, TaK 4YTO MaTpuna Z; + Z, cymecTByOT. Torma:

E(Z1 + ZQ) == EZ1 + EZ2

Y1Bepxnenud lu 2 BMecTe MOKA3BIBAIOT, YTO OTEPAINA B3ATNA MATEMaTUIECKOTO
OXUIOAHUA JJId CJAYYalHBIX MaTpun o0JagaeT MPUBBIYHBIMU JJId 3TO omeparuu
N4 caydaitHoi BeTMImHbI JuHeitHbIME cBoficTBamu. [lpaBma, ¢ ydeTom TOrO, 4TO
YMHOXKEHUEe MaTpUIl He KOMMYTaTUBHO.

IIycrs X u Y - nBa cayvaiiHbIX BeKTOpa (TIPOM3BOJIBHBIX pasMepHoCTell, He 06d3a-
TEJIbHO OIMHAKOBBIX ), WMEIONINEe COBMECTHOE paclpeneseHne. BeKTopsl Mbl mpel-
TIOYTHUTEHHO OY/IEeM TPENCTABIATb B BUIE BEKTOPOB-CTOJIONOB (OMHOCTOIOIOBHIX
MAaTPWII).

Onpenenenne 3 KopapmanmonHas Marpuia (OHa e - MATPUIA KOBapWAIWil, IUCIe-
PCHOHHAs MATPUIA ¥ T.I.) BeKTOpoB X u Y ecTh

Cov(X,Y) = E(X — EX)(Y — EY)T.
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Ecm X = (£,&,..)T, Y = (n1,m,...)}, To anement (i,) marpunm Cov(X,Y)
€CTh KOBapHalnsd CJIyIaltHbIX BeJIMYUH &; U 1);:

E(& — E&)(n; — En;).

HAcwuo, uro:
Cov(X,Y)=EXYT — (EX)(EY)".

Onpenenenne 4 KoBapnanuonnaa marpuia ciydaitHoro BekTopa X omnpenejgerca
KaK:

Cov(X,X)=E(X - EX)(X - EX)T = EXXT — (EX)(EX)".

JnaroHabHBIE 3JIEMEHTHI STO MATPHUILI - CyTh OUCIEPCUN CJIyYAlHBIX BEJIMYNH
&1, &, . ... Obosnavenne Cov(X, X) mb1 6ynem 3amMeHaTh Kopotkum DX .

Ymeeporcdenue 3 Ilycrb X - cayuaiinas Besmumna, A - HecoydaiiHasa (OCTOAHHAA) Ma-
Tpuna, b - Hecsyuaitnblit (nocToanubIR) BexTop. Torma:

D(AX +b) = A(DX)AT

ecm AX + b cymecTByer (yKasaHHBIE ONEPAIMA OCYIIECTBUMBI, T.€. PA3MEPHOCTH
A, X u b corslacoBaHbI).

YacTawiil caydait: ckajspHOe mpoumsBenenue. IlycTh A - MaTpua, COCTOAMAA
n3 omHoM cTpoku. PaccmoTpmm A Kak pesyJibTaT TPAHCIOHMPOBAHUS HEKOTOPOTO
BexTOpa a (BekTopa-crosbna): A = a’. Ilpm stom AX = a’ X - ecTb cranapHoe

TIPOM3BENIEHNE BEKTOPOB a 1 X .

Ymeeporcdenue /

D(a"X) = a"(DX)a

6 Mmuaoromepnoe HepaBeHCTBO Kpamepa-Pao

Bepremca k noctaBieHHOR B HadaJsle sToro naparpada samade. Ilycts ¢(-) - HeKoTopas
BekTOp-pyHK1NA, ©(X) - onenka 7(f) (310 BekTOpHI-CTONIGIHL), U MycTh Epp(X) = 7(6),
rre 7(0) = (11(0), 2(6),...,74(0))T, 0 € © C R".

Kak n B oqHOMepHOM (OHOIAPAMETPUIECKOM) CIIy9ae MBI TOTOBUMCH YKA3aTh IPaHA-
Iy CHU3Y JJif KBaJPATHYHOTO PUCKa HecMeleHHo# onenkn. Ho mpexe Hamo yTOYHAUTS,
9YTO TAKOE KBAIPATWIHBIA PACK B MHOTOMEDHOM CJIyYae M KaK CJIeNyeT CDAaBHUBATH KBa-
IPATWYHBIE PUCKN - HANPUMED, IBYX Pa3HbBIX OIEHOK.

[Iycrs (X)), ¥(X) - nBe necmemennsie onenkn 7(f). Kakaa us uux syume? Ilompo-
OyeM HailTw OTBeT, OGPATUBIINCH K yXKe M3YYEHHOMY OIJHOMEPHOMY Cjiydalo. BriGepem
TIPOM3BOJILHBIN Hec Ty yaiinbiit Bektop. Ilepeiinem ot ¢(X), ¥(X), 7(0) x suneiiabiv dop-
MaM (ckanapabiM npomsseneruam) & = 2T p(X), n = 2TY(X), t(0) = 2T7(h). Scno,
91O

E@E = E077 = t(0)7
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Tak 4To £ W 1) - CyTh HeCMelneHHble (omHOMepHBIe) oneHkn t(f). B omHoMepHOM ciydae
(mpm xBagpaTnuHON QYHKIMM TOTEPH) W3 NBYX HECMEIIEHHBIX OIEHOK JIYYIle Ta, Ybsd
aucniepcus MeHbIne. B wactHocTH, £ He XyXe, ueM 7, ecan DE < n wm:

() 2" [Dop(X)]z < 2" [Dotp(X)]2

MsbI MoXeM IPUHATH Takoe onpenesenne: ¢(X) myqme, yem (X ), econ (*) Bbmos-
HAeTCA A1 J1060r0 BeKTopa z € R (1 171 HEKOTODPHIX 2 3TO HEPABEHCTBO CTPOTOE).

Ilo otromenmio k mepemennomy z € R% 2T[Dypp(X)]z n 2T[Dytp(X)]z npencrasis-
10T coboit kBanpaTnyHbie GOpMBI (HeOoTpUIATEBHO onpenesennbie). Hepasenctso (*),
€CJIN OHO BHIMIOJIHAETCH [ BCEX 2, JIMHEHHAA anrebpa MCTOJIKOBBIBAET KAaK COOTHOIIE-
HUE MEX]y MATPUIAMU KBAIPaTWIHLIX ¢GopM. B maHHOM Ciyuyae, MeXIy MaTPUIAMA
koBapuammit Dyp(X) u Dgp(X) Dpp(X) < Dpip(X)

Vtak, Mbl IIPUILIA K 3aKJIIOYEHWIO, UTO K6AJPAMuU4HbM puckom cTaTucTuku o(X),
HECMEINEHHO OlleHmBatomeit 7(f), MOXHO HasBaTh ee Marpuily KoBapmamumit: Dpp =
Eolp(X) — r(@)]p(X) — r(6)]"

13 AByX HECMEIIEHHBIX ONEHOK JIYYIIe Ta, Ybs MATPUIA KOBapuanuii Menbine (B yKa-
3aHHOM BBIIIE CMBICJIE). 3aMETUM, YTO JBE ONEHKM MOTYT GBITH HECDABHUMBI.

Tenepb MOHATHO, YTO MHOTOMepHOE 0606menne HepaBercTBa Kpamepa-Pao mosixHO
YCTaHABJIMBATH TPAHUILY CHU3Y JIJisi MATPUIH KOBApUANNii HECMEIEHHOW OlEeHKN.

[TepexonuM K BBIBOLY HEPABEHCTBA

Benem oneparop dactHoro nudepennupoBanud mo §, KOTOpHIit - B BUJle WCKJTIOYE-

HUdA! - 3aIUIIEM KaK CTPOKY:
o_(o 0o 0
00 \06," 06, "’ 86,

Onpenesinm matpuiyy nadopmarmn (06obmenne kosnmdecta nabopmaimn 1(6)):

1(6) = [ 339 Inp(X, e)r [ 339 Inp(X, e)]

Jlerko Bumeth, uto () - HEOTPUIATESBHO ONpENe/IEHHAS MATPUIA, YTO Mbl Oymem
3amuUChIBaTh B BUAE [ ( ) > 0. IIpeamosoxum, aro I(6)~! cymectByer mia seex 6 € O.
or

Bsenem maTpuiy (pasMepa d X ), HOJIOXUB:

3’7'1 3’7'1 3’7'1
801 802 o 60
a 3’7'2 3’7'2 3’7'2
9T _ | o6, o8, " 08,
o0 ) ) ) )
91a Om 97
00, 00, - 00,

[TokaxkeM, 4TO TPU MPUHATHIX B MyHKTe 1 ”yCJAOBUAX PETYJIAPHOCTH :

Ey(p(X) = 7(0)(0(X) = 7(0))" 2 %I B (%)
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LHoxaszamesvcmeo:
PaccMoTpmM BEKTOP-CTPOKY:

d
X 2 np(X,
MX,0) = 50 n p(X,0)
Tak xe, Kak B MyHKTe 1, HAXOIUM, ITO
Eo\(X,0) =0

Huddepennupyem no 6 ToxIeCTBO
[ e@p(@,0)dz = 7(0);
A
TOJTy9a€eM, 9TO:

or
/go xﬁdx—%,
A

nJim

/go l—lnpx@)] (:E,H)d:bz%

HOCJIe)IHee PaBEHCTBO O3Ha4YaeT, 4YTO:

or

Epp(X)A\(X,0) = 0

Tenepr paccMoTpuM (HEOTPUIATEHHO ONPEIETIEHHYI0) MATPHUILY KOBapHaIluii BEKTO-

pa
or
P(X) = 7(0) = 5517 HONT(X, 6).
(O6paTuTe BHUMaHNE HA TO, YTO PA3MEPHOCTH MEPEMHOKAEMBIX MATPHUIL COTJIACOBAHBI
TaKIM 00PA30M, YTO YMHOXKEHNE BO3MOXKHO).

PaCCMOTpI/IM 0O4Y€BHIHOE HEPaBEHCTBO:

T

Ep >0

06 06

(0 =7)- 351 IAT] l(so —r) - Ty

JleBy1o 4acTh TOXIECTBEHHO Mpeobpas3yeMm:
(4.6)

or or or or
Eg(go—T)(go—T)T—Eg(go—T) [%I_IAT] —E, [80 IAT] (p—T7)+E,p [80 IAT] [% I"}\T| >

Bropoe ciaraemoe B (4.6):

(4.7) —Ep(p — )N (g;) %1—1 (%)T

60 Epph = 27 (cw. (4.5)), Eph =0 (cm. (4.4)).
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Tperbe cilaraemMoe OTJIMYAETCHA OT BTOPOTO JIMITb TPAHCIIOHUPOBAHUEM (TpPEThE CJla-
TaeMoe - 9TO TPAHCIIOHWPOBAHHOE BTOPoe). A Tak Kak (4.7) - CHMMETPUYHO, TO TPEThHE
cslaraeMoe Toxe paBHO (4.7).

Haxomel, ueTBepTO€e CaaraeMoe IacT:

or 71 -1 [ OT T_37' 1 ar\"
6" [EaA"A 1 (aa) = a0’ \ov

ITpuBens B (4.6) nono6GHbIE YjIeHBI, TOJYyYNM OTCIONA (4.3), 9T0 M TpeGoBaIOCh. O
3akjiiounM TeMy HepaBeHCTB WH$opManyuu n 3pPeKTUBHBIX OTIEHOK
OTIpeNIeJIeHNEeM MHOTONAPAMETPUYECKNX DKCIIOHEHNINATBHBIX cemeiicTs. [lnoTHOCTH (Be-
POATHOCTH) JIjIs HUX MMeEeT BUI:

p(z,6) = exp g_jl & (0)T(x) + d(6) + S(X)| Lu(z)

Hanbostee BaxHBI! TpEMep - TayCCOBCKOe pacIipeliesieHne, Ife IJIOTHOCTh 3aBHCHT OT
JBYMEpHOTO TlapameTpa (a,c?):

1 (z — a)?
2y —_
ple,a,0) = 272 exp { 202 } '

Bompoc: [lsia kakoit (nBymepnoit) dbynxuun 7(0) = (11(a, 0?),7(a,6?)T cymectByer
acphekTUBHAA OTEHKA?!
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JIlekimuga 3

1 JdocraroyHble CTAaTUCTUKH

HamomauM, 9T0 MBI pacCMaTpUBaeM CJIEAYIONIYI0 CTATUCTUYECKYTI0 Moneah: Habmonenne
X mojiyueHO coydaitHbIM BBIOOpDOM M3 MHOXeCTBa X' CaydailHbIIl BHIOOD ympaBJjideTrcsa
pacrpenesieaneM BepoaTHocTel Py, rie f - HeKoTopbIil (Hem3BeCTHEII) TapamMerp, npuiem
f € O; O - 3aTaHHOEe MHOXKECTBO BO3MOXHBIX 3HAUEHUI HTOTO MapaMeTpa.

Onpenenenne Crarucruka T = T(X) HaswiBaerca docmamownoti njis napaMerpa 6,
§ € O, ecsin ycaoBHOe pacnpenesenne X npu ganHoM 3Hadenun 1(X) - omHO U TO
xe N Beex § € O. (naue roBopsi, €Cim YIOMAHYTOE YCJIOBHOE DPaCIpPENeseHne
He MeHsfeTcs (He 3aBucuT oT §), Korna  nmpoberaet MHOXeCTBO O).

(a) Ouckperssiii ciyuaii Korna pacnpenesierne X INCKPETHO, TIOHATHE YCJIOBHOTO
pacrnipenesieansa X BBOOUTCA 3JIEMEHTAPHO:

X =e/TX)=0="FFm =0 1o " ecomT(X) £t

Py X =2,T(X) =1t) {M ecoim T(X) =t

[Ipnmep: mcnbiTanua Beprysam

[Iyers X = (X1, Xo,...,X,) - pesyJjbrarbl ucnbiTanuit BepHysn, B KOTOPHIX
BepOATHOCTH ycmexa ecth 0, § € (0,1). B kauectse cratuctuku 7'(X) Bo3bMeM
n
i=1

3nech X; npuanMaet 3Hauenns 0 wim 1 (YMCJI0 YCIEXOB B UCTIBITAHUN HOMED 4), T
- 00IIee YMCJI0 YCIEXOB B 7 UCTIBITAHUAX

DeMeHTapHAasA BBIKJIAIKA TOKA3BIBAET, 9TO B 3TOM nipumepe (e & = (L1, Ta, . . ., L)
- 33JJaHHAdA TIO0CJIEI0BATEILHOCTh HYJIEl M eIeHMI):
1 n
or, ecm Y x; =1
P(X =gz/T(X)=t)=4 " i
0, ecmm Y z;#1
i=1

n

Kaxk Bumno u3 dopmynast, T = Y X; ecTh IocTaroyHas CTaTUCTHUKA 1Jid 6§, 6 €
i=1

(0,1).0

(b) HenpepsiBubiii ciydaii Tak, mjis KpaTKOCTH, HA30BEM CTATHCTUYECKYIO MOJIEJb,
B KOTOpPOil pacupenesienne Py Moxer GbITh 337aHO C IOMOMIBIO TIOTHOCTH P(Z, 6)
OTHOCUTEJILHO HEKOTOPOH MephI. JIsi MPOCTOTHI TPEANOIOKNM, 4TO X TPUHAMAET
3HAYEHNs B KOHEYHOMEDHOM NPOCTPAHCTBE, W 4TO p(z,H) 061a0a10T II0THOCTHIO
oTHOCUTEHLHO JleGeroBckoit Mephbl. B aToM ciiyvae 3Hauenus craTucTuku 1 Bbige-
JIFIOT MHoocecmea ypoera {x : T'(x) = t}.

YcsoBHoe pacnpenesienne X Ha MHOxecTBe ypoBHA {z : T'(z) =t} B aTOM citydae
MOXKHO 33JaTh C IOMOIIBIO IUIOTHOCTH (OTHOCHUTEIbHO J1e6eroBcKoit Mepbl Ha MHO-
KeCTBe yPOBHA). DTa yCJ0BHAd MJIOTHOCTH TPONOpInoHaabHa p(z, f). ITockoabky
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MHTErpaJl OT IIOTHOCTH COCTABJAET 1, 5Ta yCa0BHAA IJIOTHOCTH X TIpH JAHHOM
T(X) =t, T.e. Ha MmHOXecTBe ypoBHa {z : T'(x) = t}, paBHa

p(z,0)
S ply,0)dy

{&:T(x)=t}

(BripaxeHne B 3HAMEHATEJIE - 9TO WHTETPAJI TI0 MOBEPXHOCTH YPOBHHA)

(c) Docrarouynsie pa3buenusi. I3 onpeneseHus IOCTATOYHONW CTATHCTMKM CJIEIYET,
4r0, ecau ciaydaitnaa yrkmua S = S(7T') HAXOOUTCA BO B3aMMHO OJHO3HAYHOM
COOTBETCTBUH € AocTaro4Hoi craructukoit T = T(X), To S Toxe ABiIgeTCd H0-
craTouHO# crarnctukoit. IlosToMmy mpaBmiibHee OBIIO OB TOBOPUTH HE O JOCTATOY-
HBIX CTQTHCTUKAX, & O MPOW3BOIUMBIX UM Pa30MeHNAX BHIOODOYHBIX IPOCTPAHCTB
(pa3bueHNAX HA MHOXKECTBA YPOBHSA IOCTATOYHBIX CTATHCTHK). YCJIOBHBIE DACIIpe-
neseHna X Ha 3JIEMEHTaxX 3THX pa3dueHWit ONWHAKOBHI JJIA BCEX pacHpeneseHmit
6, xorna # € ©. Hocratounasa craructuka I° = T(X) pasbuBaer BHIGOPOUHOE
npoctpancTBo X Ha MHOX)ecTBa ypoBHsA {z : T'(z) = Const}.

[Tpumep Ilycts X = (X4,...,X,) - BHIOOpKa N3 TOKA3aTEIHHOTO PACIPENESIEHNH,
r7e TJI0THOCTh OTHEILHOTO Habmonennsa X; paBHa:

Flu,0) = { 5 exp (—%), g u > 0
0 g u < 0

n
[Tapamerp 6 - HeoTpunareabHoe yncyo, T.e. € (0,00). Ilokaxem, uro T = Y X;
i=1
- IOCTATOYHAS CTATUCTUKA Ojd 6 B sroit momesu. llaorHocts X B Touke u© =

(Ut ..., Up)eCTD:
n 1\ " —.Z:I’U,Z'
Mrwo=1(;) e |5 | ammu,.. w20

B IIPOTUBHOM CJIy4ae.

Yenosuas miiotHocth X mpu dukcupoBanHoM 1 paBHa (B TOYKe u TaKO, 4TO
n

Sup =T, up,...,u, > 0):

i=1

1\" ‘é“i .
(8) |~ (3) e (5)
[ () e v dy G)ne}(p (%) [

= Const.

{y:> %:=T.y>0}

3mech 0Ka3aJ10Ch, UTO YCJIOBHASA TJIOTHOCTD (Ha MHOXKECTBE YPOBH:) HE TOJIBKO He
3aBHUCUT OT f - 9TO HOKA3bIBAET, UYTO CTATHCTHKA 1 JOCTATOYHA, - HO HE 3aBHUCHUT
M OT KOODIWHATH y§. DTO O3HAYAET, YTO YKa3aHHOE YCJIOBHOe pacupeneseHne X -
paBHOMED- HOe. ©
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BBIK1a0K1, KOTOPHIE MBI TIPOAEJIAIN B IBYX PACCMATPUBAEMBIX NPUMEPAX, M0 CYIECTBY
TOBTOPAIOTCSA TIPH I0KA3ATEILCTBE CIIEMYIOmell TeopeMb:

Teopema(dakropusanun)

Crarucruka T' = T(X) mocratouna njg napaveTpa 6, # € © T. u T.T., Korna cyuie-
crBytor bynknun ¢(t,0) u h(z) Takue, 9ro

() p(z,0) = g(T(X),0)h(z)

mpu Beex A € ©

3amMedanwe:

Besmunua p(z,0) obosnagaer smbo niaoTHOCTH HabmoneHnss X B TOUKE I, €CJIM MO-
JeJIb HEeIpEePbIBHA, anbo BEPOATHOCTD TOYKHM I, €CJIM MOOEJIb JUCKPETHa.

oka3areIbCTBO NPOBENEM OTIEJBHO IIA MUCKPETHOTO W HEUPEPHIBHOIO CJIydYaEes,
XOTd OHU, IO CYIIECTBY, HE OTJINYAIOTCA.

Loxasamenvcmeo

(a) Ouckperssiii ciryuail

(al) Ecsm Bemmosneno (*), ro T' = T'(X) - moctaroyHas CTaTUCTUKA JiJid 6.
Hano nokasars, uto L(X/T(X)) ne 3aBucur ot 6 € O.

CHauaJjia BBIYUCIAM:

PT=0= Y pbd)= ¥ gT()0)h@)=g(t6) Y h).

x:T(x)=t x:T(x)=t x:T(x)=t
Teneps nis x takoro, uro 1'(z) = t moay4aewm, 4ro:
B X=z,T(X)=1t)  P(X =xz)
Py X =2/T(X)=1) = =
. o ){h(( )) =T R@M =) BAX) =1
g(T(x))h(x
= h(z) : h(z)pesybTaT He 3aBUCUT OT § € O.
g(t,0) > h(y) @) T(z)=t @

yT(y)=t

Ecim xe z takoBo, uto T'(z) # t, To o6cyx)aaemMas ycjaoBHAs BEPOATHOCTH DaBHA
0, BrHe 3aBucumoctn ot . Jocratounocts ycaoBus (*) mokasana.

(a2) Ecau T - noctaTtovHas CTaTHCTHKA, TO (*) BHINOJIHEHO.

Ecou T - mocrarouyna, To mid Takux x, uro 1'(z) =t u nns Beex § € O:

Py(X = z/T(X) = t) = h(z)- pesyabrar He 3aBucut ot , 0603HauNM ee depes h(z).

W
PX =2, T(X) =1) _ 0
Py(T(X) =1)
ITockoabky T'(z) = t, To Opobb B JI€BOIl YaCTH €CTH:
Pg(X = IE)
By(T(X)=1t)

Otciona
Pyp(X = z) = Py(T(X) = t)h(x)

O6osnauns Py(T(X) = t) uepes g(z, §)),momy4mm T0, 9T0 1 TPEGOBAJIOCH T0KA3aTh. ]
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BameTtu™m, uto h(x) - 310 ycaoBHaa BepoaTHOCTh X mpu ganHoM 1 (B Touke z), 160
h(z) mpomopimoHaIbHA 3TOR YCJIOBHOM BepoaTHOCTH. AHajornyuo g(z,d) jmmb mocTo-
AHHBIM MHOXUTEJIEM MOXKET OTJINYAThCA OT BepoaTHocTn Py(T(X) = t).

IIpumep (npuMeHeHNs TeOpeMbl (hAKTOPU3AIMY NI HAXOXKIEHNS JOCTATOYHON CTa-
THCTUKH)

(a) Jluneiinas (rayccoBcKasi) MONEJIb - BaXHBIl 0ObEKT UCCJIENOBAHNI W TIPUJIOKEHUIA.
CuagaJsia 6ynet nana ee abcTpakTHada (DOPMYJIMPOBKA, 8 3aT€M OTHA N3 KOHKPETHBIX

dopwm.
Habaonaembiit 06bekT - BekTop X. Celiuac MBI CUNTAEM €r0 KOHEYHOMEPHBIM
(npuHanIEXUT N-MepHOMY mpocTpaHcTBy), X = (Xi,...,X,)T - BexTOp-cTONGETL,

Ero xoopomHaThl cuMTaeM HE3aBUCUMBIMU CJIyYailHBIMI BeJWYWHAMM, DPacCIpelie-
JIEHHBIMH TIO HOPMAaJILHOMY 3akomy, npudeM DX; = 02, i = 1,n. 3nauenne o2 H
€N3BECTHO.

OtnocurenbHo E X mpennosioxuMm, uro EX, 6ynyun HEM3BECTHBIM, TPUHAIIEKUT
3aJIaHHOMY JImHeltHOMYy monmnpoctpanctsy L, L C R™.

Ecomm o6osnaunts EX =1, E(X — EX)(X — EX)T = DyX = ¢°I (I - envanvnas
marpuna), To X ~ N(I,02I), npuaem [ € L, L - 3apano.

(b) Ilokaxewm, 9To mOCTATOHON cTaTHCTHKON nyia (coctasroro) mapamerpa 6 = (I, 0?),
npuiem [ € L, cayxut napa (proj. X, [projp X |?)

3nech uepes projy 0603HAYUEH ONEPATOp MPOEKTUPOBAHNSA (B €BKJINIOBOIT METpHKE)
Ha mommpocTpaHcTtso M C R"; L1 o6o3rauaeT opTOroHaIbHOE JOMOJHEeHWe L 10
R, te. R" =L@ L.

JI1s IOKa3aTesIhCTBa IOCTATOYHO yKas3aTh mpasmononobue (I, 02) u sarem ero mpe-
06pasoBaTh:

p(X,0) = (Nﬁ)nexp{—#zé()(i - li)2} —

1 \" 1
——— X = 2} —
(0\/2%) exp{ 202| !

1 \" 1
-— X —1 i X 2}
(0\/%> eXp{ 552 (projr )+ projroX|

[To Teopeme ITudaropa:

((projr. X — 1) + projr X|* = |projp X — 1> + |projr. X |2
160 (projrX —1) L proji. X ,tx. l € L.

[Tostomy npasmonono6ue (I, 0?) pasrO

1 \" 1 _ 1 :
(0 27r> exp{—ﬁ@mﬂ){—l|2}exp{—27‘2|(pro‘]LLX|2)|}

MsI BUAMM, 9TO TPABIONONOGUE 3aBUCUT OT CTATUCTUK projrX W |projii|), HO He
oT X HeNmoCPeNCTBEHHO. ITa Tapa W COCTABJIAET NOCTATOYHYI CTATUCTHUKY. (3a-
metnM, 910 yukuusa h(X) smech paBHa 1, TOYHee - MOCTOAHHA TIO OTHOIMIEHUIO K
X. D70 03HAYAET, YTO yCJA0BHOE pacupenesenne X npu (PUKCUPOBAHHOM 3HAYEHUN
JOCTATOYHON CTATUCTUKHA - PABHOMEDHOE. )
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(c) JIuneiinas perpeccusi 3anaua aunelinoll pezpeccuu - OTHA U3 YACTHBIX (HOPM JIM-
HeitHol Momesu. B mpocreitmem ciydae 910 3amava 0 nonbope (GyHKIMHA OJHOTO
TIEPEMEHHOTO - TIOAGOPE MO HETOYHBIM HAOGIIOAEHNAM (M3MEPEHUAM).

[TpenmnosioxuM, 4TO JiBe IEpeMeHHbIe § U T CBA3aHBI COOTHOmeHneM x = f(t), rae
f(+) - HekoTopasa byukumsa. [Ipu HEKOTOPHIX 3HAUEHNAX TIEPEMEHHOI ¢ (Ha3bIBaeMOi
qacto $hakTopom) ty,ta,. .., t, OBLIM TIPOM3BENEHBI N3MEPEHNs TIEPEMEHHON % (Ha-
3bIBa Mol oTKJInKOM). OHU 1a/iu 3HAYEHUE L1, Lo, - - . , Ty LIpU 3TOM Z; = f(t;)+£4,
TJe €1, .. ., £, - KAKWE-TO, COMPOBOXK IAIONMNe n3Mepennsd, omuOku. OCHOBHOE TIpe-
TOJIOXKEHNE COCTOUT B TOM, UYTO MBI CUNTAEM YHOMAHYTHIE £1,€E9,. . ., E, HE3ABUCH-
MBIMU CJIyYaitHbIMU BesTmdnHaMu. MeHee BaXKHbBIE TPETIONIOKEHN: £; PAaCTIPENesie-
HbI OIMHAKOBO W PACTIPEIEJIeHb TI0 HopMasbHoMy 3akony N (0, 0?). Ilpemmosioxe-
uue, Fe; = (0 oTpaxaeT mpeacTaBjeHNe O TOM, YTO CUCTEMATHYECKUX ONMOOK TpH
M3MEDPEHNN OTKJIWKA B Hamell cxeme Her. Benmumna ¢ 0OBIYHO cuMTaeTCA HEW3-
BecTHOM (Heobs3aresbHO). OHa YMCIIEHHO BHIPAXKaeT HETOYHOCTb (M3MEHYMBOCTD )
n3MepeHuit, T.e. MacmTad CaydalHbIX OmubOK.

[Tocsienree mpenmosioxkenne, TPeBPAIIAIOIIEe 33,199y PETPECCUN B JIMHEHHYO: CYn-
TaeM, 9To f(-) MOXHO (C JIOCTATOYHOI AKKYDPATHOCTHIO) BHIPA3UTh B BUJIE JIMHEHHOIM
KOMOMHAIINY 33JJaHHOTO KOHEYHOTO Habopa yHKImit (CKaxkeM @1, @a,...): Cylle-
CTBYIOT T apaMmeTphl 0y, ..., 0, Takue, 94TO

() = 01p1(t) + Oai02(t) + -+ + Oraiom ()

B sTom ciydae BeKTOp X = (T1,Zo,...,%n)"

KOM6I/IHaIlI/II/I BEKTOPOB:

NPENCTABJIAETCA B BUIE JIMHENHOM

;= (pi(tr), i(t2), - -, 93(ta)) ", 5 = T,m

m
¥ BEKTODA € CJAyYalHbIX ommboK: £ = (€1,...,6,)7: X = Y 0;®; +¢
j=1
JImneitHoe mogmpocTpaHCTBO L, KOTOPOMY 3aBEIOMO MPUHAMJIEXUT BeKTOp X, B
TIAHHOM CJIy4ae MOpoXkIeHo BekTopamu @1, Do, ..., &yy.
(d) HopmansHuas BeiGopka PaccMoTpuMm BBIGOPKY Z1, 2, . . . , Ly, 13 HOPMAJIBHOI COBO-

kynroctu N(a, 0?), rne mapamerps a, 62 € (0, 00) nemsBecTHBI. Teopema dhaxTopn-
3AIMW TIOMOTAET HAllT! TOCTATOYHBIE CTATUCTUKA 114 (a, o). Bemumem dyHkmmo
np aBoononobus 3Toii Momesn (TOJIb3YACh HE3ABUCUMOCTBIO TayCCOBCKMX CJIydaii-

HBIX BEJIMYVH L1, Tg, - . ., Tp) W IPEOOPasyeM ee:
ool (z; — a)? 1\
K3
——exp|———— | =|—==| exp T — 20 z; +na’
izl_[lm/27r 202 ovV2m 202 E Z
ITockosbKy npa3;10n0;1061/1e 3aBUCHT OT TIEPEMEHHBIX Z1,ZTg,. .., Ty JUIb TOCPEI-

CTBOM CTATHCTHUK Z T; | Z IE 5Ta Tapa W ABJAdAeTCHd JOCTATOYHON CTaTHCTUKOI
i=1 i=1

nna (a,0?). Mbr yxe 06pa111am/1 BHUMaHNE HA TO, YTO TJIABHBIM B ONPEHNEJIEHUN
nocrarounoit cratuctuku I = T'(X) ABjserca He ee KOHKPETHBIN BUI, a TO pas-
Guenne BHIGOPOYHOTO MPOCTPAHCTBA Ha MHOXKecTBa ypoBHd Buma {1 (X) = Const},
KOTOpOe OHa Mpom3BoauT. Jlrobasg npyrada CTaTUCTHKA, €C JIM OHA TIOPOXKIAET TO XKe
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camoe pasbueHme, TOXe ABJdeTCA NOcTaro4yHoi. B wacTtHOCTHM, mocTaTouHO# OKa-
xKeTcd Jiiofasd CTATUCTUKA, HAXOMANIAACA BO B3aWMHO OJHO3HAYHOM COOTBETCTBUM
c T'(X).

s obcyxmaeMoit HopMaIbHOM BHIGOPKT TPEONOYNTAEMO HOCTATOYHOM CTATUCTH-
KO# CJIyXKWUT:

n n
Jlerko BuneTH, 9TO (T, $?) B3AMMHO OTHO3HAYHO CBA3aHA C (Y. Tj, . T7).
=1 =1

O npenMymecTBax, KOTOPHIE IAET CTATACTHKA (T, $?) Iepel NPYTAME CTATUCTAKAMA
nna (a,0?), bl nonpobree Gynem ToBopuTh Mozxke. Cefiuac ke OTMETHM JIATIH TO,
4TO 7 U 5? HEeCMeIeHHO ONEHMBAIOT @ U 0°:

EZ =a,Es® = o*

BaxHOCTH 3TUX CBOHCTB GyIeT ACHA yXKe Ha CJeLyomeil JeKIun. 3aMeTM, 4TO 9TH
COOTHOTIEHNs CTIPABEIJINBHI J7d JII060#, He TOJIbKO TayCCOBCKOi, BHIGOPKH (ec/m
Dz? cymecTByior).

BriGopka u3 N(a,0?) aBsgeTca 9aCTHBIM CJIy9aeM JnHeitHo# Monesn. PaceMoTpum
BekTOp X = (Z1,%2,-..,Ty). . Ero MmaTemaTwdeckoe oxunanne pasHo (a,a, ..., a)’,
7 TIOTOMY TIPUHAJIEXKUT JJUHEHHOMY TTOANPOCTPAHCTBY L, TOPOXKIEHHOMY BEKTOPOM
(1,...,1)T. Tax xax koopmauHaTH BeKTOpa X HE3aBUCHMbI M OJIMHAKOBO PacIpesie-
sensl, To DX = ¢021. Taxum 06pa3oM, TPeANOCLLIKY JUHeHo#! Momeau cob.rioe-
HBI.

HocraTounble cTaTucTUKM obMmeit uHeitHO# MOme M B TAHHOM CJIy4ae CyTh:

projr X = z(1,1,...,1)7,

n

lprojro X| = Z(IEZ — :73)2 =(n— 1)32.

i=1

(e) Ilpm obcyxmeHnr rayCcCOBCKON JIMHEHHONW MOIEM MBI OTMEYAJIN, YTO YCJIOBHOE Pac-
npenejenne X 1pu (HPUKCHPOBAHHOM 3HAYEHWM JOCTATOYHOR CTATMCTHUKM - PABHO-
MepHoe. U3 3TOTO 06CTOATENHLCTBA MOXKHO M3BJIEYhL WHTEDPECHBIE CJIeNCTBUA. B
JAHHOM TIPUMEpE YTIIOMAHYTOE YCJIOBHOE PACIIP €/IEJIEHNE COCPENOTOUEHO Ha (1 — 2)-
MepHo# cdepe:

n

{y:ye R yi=2> (vi—9°=(n—1)s"}
i=1 i=1

Paccmorpum BekTOp

r - To— T Ty — X

Y =
svn—1"syn—-1""""sy/n—-1
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[Ipu pUKCUPOBAHHOM 3HAYEHWH JOCTATOYHON cTaTHCTUKY (T, 52) BeKTOp Y ABIsAeT-
cA JIMHEHHBIM (1 B3aMMHO-OIHO3HAYHBIM) TIpeobpasoBanueM BekTopa X . IlosTomy
ycsioBHOE (TIpn PUKCUPOBAHHBIX T, $2)pactipenesienne Y TOXe ABJIAETCA PABHOMED-
HBIM. 9TO YCJIO BHOE PacupeleJsieHne COCPENOTOUYEeHO HA 1 — 2-MepHOoil equHIHOi

cdepe
Sn2={y:yeR D yi=0,> y;i=1}
i=1 i=1

Tenepnh 3aMeTnM, 4TO CKasaHHOE yCJOBHOE paclpenesenue Y TpH JaHHBIX T, s>
- OfHO W TO Xe (a WMEHHO PABHOMEpHOE Ha S,_5) TpH JIIOOBIX 3HAYEHUAX T, S .
3HaunT:

1. BexTop Y Kak ciaydaiinbiil 371eMeHT He 3aBUCHT OT T, S°

2. (GesycsioBHOE) pacmpenesieHre Y COBIAJAET C YCJIOBHBIM, T.€. fABJIAETCA YXKe
M3BECTHBIM PAaBHOMEDHBIM paclpenesieHneM Ha S, _s.

13 cka3aHHOTO CJIEAYET, YTO IIJid HOPMAJILHON BHIGODKM Takme (9acTO TpUMeHse-

T = 3
Mble Ha TPAKTUKE) CTATUCTUKMU, KAK BHIOODOYHAA aCUMMeTpHs . ((w’s—w)) " BbI-
i=1
o (i=D)\* i §2
OOpOYHBIt 3KCITeCC Y. (T) He 3aBUCAT OT (T,s”). A WX pacmpenejeHus He
i=1
3aBUCAT OT X ¥ MOTYT GBITh BBIYHUCJIEHBI (TaGyIMPOBAHBI).

YnoMsHy THe CTATUCTUKY (OOBIKHOBEHHO B BUJIE BEIGOPOYHOTO K0ahdunneHTa acnm-

n
MeTpun 3, = %Zl(xi — 7)%/s® u Bmbopounoro xosddunmenta sxcrecca [ =
1=

n 4

Ly (w) — 3) MOTYT CJIyXKWUTb [IJId TPOBEPKY HOPMAJBLHOCTH MMEIOIIeiica BhI-
i=1

Gopku. (i MpOBEPKM MPENNOIOKEHNA O TOM, UYTO JAHHASA BHIOOPKA WM3BJIEUYEHA

13 HEKOTOpOil HOpMasbHOI coBOKymHOCTH). HOpMajbHOCTH BBHIOODKM €T BO3-

MOXKHOCTHU OJId €€ OeTaJIbHOTO aHaJIn3a. (I/Is maJbHeHmux Jieknuit 6ymer BUOHO,

KaKmue).

Hna obmeit muHetHON TaycCcoBCKO#t MOme M yTBepXKIEHNE O PABHOMEDHOM pacIpe-
neJsieHnn cjydaitioro Bektopa (projriX)/|projriX| (ma emmumunoii cdepe pas-
MEpHOCTH 7 — 7, Tie 7 = diml) m ero crarmcTuyeckoil 3aBUCUMOCTH OT TAPhI
(projiX, |projr. X |*) moxaspiBaeTcsi aHAJIOTHYHO.

AHaJIOTMYHBIM TOPSAIKOM MBI MOXEM COCTABUTH KO3(D@IUIMEHTH ACUMMETDHUM M
BKCIIeCca, W TOXKE MCIOJIb30BATh WX HJIA MPOBEPKYW HOPMAaJILHOCTH PACIPENeIeHN
X B juHeitHO# Momesn.
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Jlexkimmuga 4

1 Hawusnyuinine HecMellieHHBbIE OIIEHKU

[Ton »TuM WMeHeM OOBIYHO PA3YMEIOT HECMEINIEHHBbIE ONEHKW C MUHUMAJILHBIM KBaJIpa-
TUYHBIM PUCKOM.

I ckanapHOro mapamerpa (M I CKaJIApHBIX DyHKImit 0T mapaMerpa) 3To He-
CMEIIEHHBIE ONEHKN C MUHWMAJBHON mucnepcueil; ajs BEKTOPHOTO (KOHEYHOMEDHOTO)
mapamMeTrpa u (PYHKIH OT HETO - 3TO HECMEIIeHHbIe ONEHKN C HamMeHbIneit MaTrpunei
KoBapuanmit. B HEKOTODBHIX ciydadx yKa 3aTh HAWIYYIIYI0 HECMENEHHYIO OTIEHKY TIOMO-
raioT HepaBeHCTBa Kpawmepa-Pao: ecsim onenka 3¢ ekTrBHAA, TO OHA M HAWTydYMIad B
YKa3aHHOM BBINIE CMBICJIE, TAaK KaK WMeeT HAaNMEHbITYI0 BO3MOXKHYIO JINCIIEPCHIO.

Ho maxe njia sKCTOHEHNIMAJTLHBIX CEMECTB pachpenesieHnit, Ijid KOTOPBIX TOJIBKO 1
CymecTBYIOT 9deKTuBHBIE OTIEHKY, 3(HEKTUBHO OTEHUTH MOXKHO JIUITH OTHY KaKyI0-TO
dysknmo ot napamerpa. CkaxeMm, IJid ucnbITanuit BepHysm, B KOTOPHIX TapaMeTpOM
6 cayXuUT BEpOATHOCTD ycmexa, abdheKTUBHAA OIEHKA eCTh TOJIbKO i § (3T0 yacrora
ycnexos). Ho KakOBBI HEC MEIEHHbIE ONeHKH, RanpuMep, mid 6(1 — 0) wm 62 ?

Bomnipoc Tem 6oJ1ee OTKPHIT 1714 ceMeNCTB pacTpenesieHnit, He ABIAIONIXCA SKCIIOHEH-
MIAAJTHHBIMH.

W3BecTHBIE K HacTOAMEMY BpeMeHU 0000mieHns HepaBeHcTBa Kpamepa-Pao pacmu-
PAIOT HAIMYA BO3MOXKHOCTHU HE CJUNIKOM 3HAYNTEJIHHO.

3ajavy 0 HAMJTYYIIMX HECMENIEHHBIX OIEHKAX YIAeTCH TPOABUHYTH (&, 9acTo, - 1 TOJI-
HOCTBIO PENINTH ), €CJIN [ HEM3BECTHOTO TAPAMETPA CYTIECTBY€ET NOCTATOYHAS CTATUCTH-
ka. HecmemeHHoe olleHMBaHWE TPH HOCTATOYHONW cTaTucTmke m Oymer Hamreit Tekyreit
Temoit. la ee obcyXKneHWs HaM TMOHAIOOMTCA TMOHATHE YCJIOBHOTO MATEMATHYECKOTO
OXUOAHWA ONIHOM corydaitHol BesmumHbI ipu (PUKCUPOBAHHOM 3HAaYeHUU ApyTroit. B moJi-
HOM 00beMe OHO OyIeT BBEIEHO 1 U3yYeHO B CiIenylomei jjeknnn. A cefiuac, 4Tobb1 3aBep-
MUTh TEMY HAWJIYYIIETO HECMENIEHHOTO ONEHWBAHUA, Mbl OTPAHMYNMCHA He(DOPMAJTHLHBIM
TOJIKOBQHUEM 3TOTO MOHATHA. A Takxke yKaxkeM HEKOTODbIE €r0 CBOWCTBA, HEOOXOMUMBIE
N1 yOOMAHYTON TieJTH.

2 YcCJIOBHBIE MaT€MAaTHUYECKHE OXKHUIAHUSI

[Tycth caydaiinbie Besimuubabl X u Y 3a0aHB HA OJHOM BEPOATHOCTHOM HMPOCTPAHCTBE.
(ConmepxaTeJsibHO 9TO 03HAUAET, YTO 3HAYEHNHA NepeMeHHBIX X, Y MOoJIy9eHbl B OMHOM 9KC-
nepumenTe). [[oHATHE YCIOBHOTO MATEMATHYECKOTO OXMAAHNA X TIPK JAHHOM 3HAYEHUH
Y - nanee E(X/Y) - MOXHO BBECTH 3JIEMEHTAPHBIMU CDPEICTBAMU, €CJIM TPH KAXKIOM
(mouTm KaxmoM) 3HaUYEHMH Y CyImECTBYeT YCJOBHOe pacrnpenesienme X. Paccmorpum
ycaoBHOE pactpenesenne X npu naHHoM Y. YcpennuMm 3Hauenns X (npm naHuoMm Y) 1o
9TOMY YCJIOBHOMY pactpenesennio. [losrydennsiii pesyabrar (ducio, ecam X nmpuHEMAaeTr
YUCJIOBblE 3HAYEHMs, BEKTOP-CTOJIOCI, €Cu 3HaYeHnss X CYTh BEKTOPHI-CTOJIONH U T.I.
) saBuCHT OT (HUKCHPOBAHHOTO 3HAUeHH:A Y, T.e. aBigercda dyskumedr Y. Ero Hasb-
BAIOT YCAOBHBIM Mamemamuseckum oocudanuem X mpu TaHHOM Y ¥ 0003HAYAIOT Kak
E(X/Y). Tockosbky Y - cayvaitnas sesmumna, E(X/Y) Toxe aBingerca ciydaiiHoit
BEJINYNHOMN.
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Ecsn coBmectHoe pacnpenesenue (X,Y) numeer niotHocts p(x, y) (1160 TUCKPETHO),
to dopmyay ansa E(X/Y) MoxHO mosyuuTh fBHO. B 3TOM ciiyvae ycjiOBHOE pacupene-
Jilerne X TIpW IaHHOM Y MMeeT TJIOTHOCTD (B TOUYKE I), PABHYIO

p(z,Y)
[p(z,Y)dz’

Otciona
_ Jazp(z,Y)dz

BX/Y) = [p(x,Y)dz

Ananornunas dopmyna (¢ 3aMeHOI WHTETPHPOBAHUSA CYyMMUDOBAHUEM) NefCTBYeT u
B [INCKPETHOM CJIyYae.

B 06miem ciiyyae COOTHONIEHNE MEXKIY YCJIOBHBIM PACIPEIEIEHNeM U YCIOBHBIM MaTe-
MATHYECKUM OXMIAHUEM - 06paTHOe TI0 OTHOIEHNIO K onucanHomy: E(X/Y) nepsuuno
M BBOAWTCSA HENOCPENCTBEHHO, a TIOHATHE YCJIOBHOTO pacupenesenns X TpH JaHHOM Y
MOXKeT OBITh OTIPENESIEHO Ha, €T0 OCHOBE.

YxaxeM HEKOTOpbIE CBOMCTBA YCJIOBHBIX MATEMATHYECKUX OXWIAHWNA, KOTOpHIE HAM
ceituac nonamobarca. JInHeitHble CBORCTBA BIIOJIHE OXMIAEMBI W €CTECTBEHHBI:

1.
(3mech cayuaiinbie Besmunnbl X1, Xo, Y MOKHBI ObITH 3a/IaHBI HA TOM XK€ TPO-
CTPAHCTBE 9JIEMEHTAPHBIX UCXOMIOB, 94TO 1 Y).

2.

E(kX]Y)=kE(X]Y),

e k - HOCTOAHHBINA (HecTydaitHbIil) MHOXKWUTED.

3.

E[f(Y)X/Y] = f(Y)E(X/Y),

rne f(Y) - dbyukunsa Y. 910 cBOHCTBO TOXE eCTeCTBEHHO, MO0 MpU (DUKCUPOBAH-
HOM 3HaueHnu Y dysxkuma f(Y) - mocTodgHHA, a TOCTOAHHBI MHOXUTEH MOXKHO
BBIHOCUTD 33 3HAK MATEMATHYEeCKOTO OXKWIAHWUA.
Hano oroBopuTb, 9TO IIepeYNCIEHHBIE BBINIE PABEHCTBA BBHIMOJHAIOTCA C BEPOATHO-
cThio 1, 6O OHM COENMHAIOT ciyvaiiHble BesimunHbl. HyXHO TakXke, 9TOOBI CyTe-
crBoBasio E|X| (B mepBoM myHKTe noJsixkHb cymecrBoBarh E|X| n E|X,|).
HaunboJiee BaxXHBIM ABIgETCA CBOWCTBO

4.

E{E(X/Y)} = EX
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3 VYaydmeHue HECMEIIEHHBIX OIIEHOK

Bepuemca kx obcyxnaBueiica 3aade 0 HECMENIEHHBIX OIEHKAX ¢ MUHMMAJIbHON Iucme-
pcueit. B ee permennn MOXKHO CIEJIaTh MAr BIEPEN, €CJIM B CTATUCTUYECKONR MOIE/N €CTh
JI0CTATOYHASA CTATUCTUKA.

IIycte X - Habsomaemas ciydaiiHas BeJIMYMHA, PACIPENEJIEHHAA IO HEKOTOPOMY
s3akony Py, rne 6 - HemsBecTHBIN mapamerp, § € O, © - 3anaHo.

ITycts d = d(X) - necmemenHnas onenka 7(f), rne 7(0) - sanannaa yHkuns, T.€.:

Epd(X)=17(0)  nmnascexf € O,

npudem Fy|d(X)| - cymecTByer.
[Iycts X - mocTtaToyHas CTaTHCTHKA OJid MapamMerpa 6.
Paccmorpnm ycstoBHOe Maremarudeckoe oxunanne d(X) npu nannom T

o(T) = E(d(X)/T)

3amernm, uro E(d(X)/T) ne 3aBucur ot 6, Tak Kak oT § He 3aBUCHT YCJIOBHOE Dac-
npenesieane X mpuw manHOM 1 - B CUJIy ONpPeHejeHud TOCTATOYHO CTaTUCTUKM.
Teopema (Blackwell-Ra01947-1949)

[Ipu yKa3aHHBIX BBITIE YCJIOBUAX
(a) Epp(T) = 1(0);
(b) Dyp(T) < Dyd(X)

[Tpuuem paBeHcTBO mocturaercd, ecau (u Tosbko ecan) ¢(T) = d(X) (¢ Be-
POATHOCTHIO 1, muig xaxaoro § € O).

,HO?CUISGIme./L’bCWLGO
YTBepmneHHe (a) BBIIIOJITHACTCA B CHUJIY CBOICTBa YCJ/JIOBHBIX MaT€MaTUYCCKUX OXKH-

naunit EE(X/Y) = EX:
EyBld(X)/T] = Epd(X) = 7(6)
e JlokasaresbcTBO CBoiicTBa (b) TpoBemeM /s ONHOMEPHBIX @, d U T:
Dyd(X) = Bfd(X) — 7(0)] = Bal(d(X) — 9(T)) + (p(T) — 7)) <
Eo(d — ¢)* + Eg(¢ — ) + 2Ep(d — ¢) (¢ — 7) < Eg(d — ¢)* + Do

IIOCKOJIBKY

Ey(d = ¢)(p —7) = ByE[(d — ¢)(p — 7)/T] = Ey(p — T)E[(d — ¢)/T] = 06
6o Ep[(d(T) — ¢(X))/T] = E(d/T) — E(p/T) = ¢ —¢=0.
(TTocienHee PABEHCTBO - ¢ BEPOATHOCTHIO 1 171 KaxknoTo pacupeneserns Fp).

Pasenctso B (b) mocturaercs, ecim (M TOJIBKO €CJIN)

Eo[d(T) — o(T)]>*=0  mpm Beex 6.

DTO BO3MOXKHO, €CJiu (M TOJIBKO €CJIH)
d(X) = o(T) C BEPOATHOCTHIO 1

nia Bcex Py pacnipenesiennii.
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e MuoromepHbIit cayuait

IIycrs d(X), 7(0) npuanmator 3HaveHus B RP 3anuchiBaeM WX B BHUIE CTOJIOIOB,
ng < 0.

Ilycth 2 € RP, z - mpon3BOJIbHBII AUCTIEPCUOHHBIN BeKTOP. PaccomTpum ckangapHbie
BEJINIMHBI:

fAcuo, aro Epé(X) = t(0) = Egn(T).

IIo ogrOMepHO#t Teopeme BiekBesina-Pao

Dyn(T) < Dy&(X)

Orxyna
Dy(2"¢) < Dpz"d(X)
W
27 (Dyp) 2 < 27 (Dyd) 2,
W
Doy < Dyd
€T

Pasencrtso - econ

nJim

P 2" ((¢(T) —d(X)) =0}  nnaBcex § € O

¥ 0Jd Bcex z € RP. O

4 IloJsinble mocTaTOYHBIE CTATHUCTHUKU

W3 teopemnr Biexsensia-Pao MoxXHO clesiaTh, IO MEHbINERr Mepe, TBa BBIBOIIA!

e DTa TeopeMa HAET CIOCO0 YJIYyUNINTh HECMENIEHHYIO OTEHKY, €CJTM MBI TAKOi OIeH-
Kolt yxKe pacnoJiaraem;

e OHa TOBOPHUT, YTO TPW TOUCKE HAMJIyUInell HeCMENEeHHON OIEHKN MOXKHO OTPAaHU-
9uTh ceba PYHKIMAMI OT MOCTATOYHOM cratucTuku. Ecam Takaa (3aBucdmas oT
JOCTATOYHON CTATHCTUKM) HECMENIEHHAs OIEHKA eIWHCTBEHHA, TO OHA aBTOMATH-
YeCKW OKa3bIBaeTCdA HamJIydmeil.

EnuncrBennocTs 3aBuCAIIeil 0T JOCTATOYHON CTATUCTUKYN HECMEITeHHO! oneHk! obec-
IEeYNBAETCAd TaK HA3BIBAEMON IMOJHOTON TOCTATOYHOI CTATUCTHKMH.
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Onpenenenne Hocratounas crarucruka 1 = T'(X) HaswsBaeTcd noanot, €cjan ypaBHe-
HME OTHOCUTETbHO byHKIuH f(+)

Eof(T) 1714 Beex § € ©
MMeeT TOJIbKO TpuBnasbHOe f = () pemenne.

[TostHOTA OUEBMOHO ABJAeTCA cBOiCTBOM ceMeiicTBa pacupeneseruit cratuctuku X. Ilo-
9TOMY YaCTO TOBOPAT O MOJIHBIX CeMeicTBax pacrnpenesennii (3apucamux ot 6, 6 € O).
Teopema(Jleman, [Hedape, 1955)

Ecim T = T(X) - nonnaa mocratounas craructuka u ¢ = (T') - HecMme-

menHad oneHka , § € O, o ¢(T(X)) - Hamyumaa HECMEIeHHAs OIEHKA
7(6).

Iloxazameavcmeo
ocTarouyHo moKa3aTh €OWHCTBEHHOCTDh TaKO# OTEHKH (.

[TpennosioxuMm, uro cymectByeT apyrad (owimunas or (7)) HECMeleHHas OIEHKA
¥(T), Tak uTO
Eg(T) = Eyp(T) = 7(0) s Beex 6§ € O

B sTom cayuae
Ep[(T) — p(T)]=0  nnascex 0 € O

IlockosbKy craTncTuka I - mMoJiHad, OTCIONIa CJENYeT, 4To

$(T) —e(T) =0

OYTH HaBepHoe, IJ1d Bcex O € O.

T.e. olEHKA ¢ - €AVHCTBEHHA (C TOYHOCTHIO 0 MHOXKECTBA MEPbI HYJIb), YTO U Tpe-
00BaJIOCHh JOKa3aTh.[

[Ipnmepl cnbitanma beprysim.

Hucso yenexos S, (4actora) B n UCHBITAHNAX BepHYJIM ABJIAETCA TOJHOM
JIOCTATOYHOI CTATUCTUKOMN I BEPOATHOCTH yCIexa f, Kormia 3Ta BEPOATHOCTD
6 paccmaTpuBaeTcsa KakK Hem3BecTHbIH mapamerp, 6 € (0,1).

Kaxk m3BecTHO, pacnpeneaenne S, aBjgeTca OMHOMWHAJIbHBIM:

Py(S,=m)=Cg™(1-6)""™  anam=0,n.

[ToaTOMY peub MIET O TMOJIHOTE CeMeiCTBAa OMHOMUHAJBHBIX PaCIpenesieHnil, 3aBucd-
mux ot mapamerpa 6, 6 € (0,1). Paccmorpum ypaBHeHue oTHocHTENBHO f(-):

(%) Epf(S)=0
B nanuowm ciayvae dynkmua f(-) noskHa 66T onpenesiena Ha maoxectse (0,1,2,...,n),
TaK YTO MOXKHO TrOBOpHUTH 0 mocaenosareasroctu f(0), f(1),..., f(n).

Ypasuenue (*) mmeer Bum:

(%) > Crfm)em(1—6)"" =0,



nis Beex 6 € (0,1)

Beenem nepemennyo z = 2. OueBnnno, uto z € (0, 00) 1 IpoBeraeT 5T0 MHOXKECTBO,
korga 6 mpoberaer muoxectso (0, 1). Cokparns (**) ma MHOXHUTE B (1 — 0)™, MOSTyUaEM
s nocaenosaresbHoctn f(0), f(1),..., f(n), - r.e. nna dysaxmun f(-) - ypaBHeHue:

zn: Crf(m)z™ =0, z € (0,00)

Muorowien (0T z) CTENEHN 1 MOXKET TOXKAECTBEHHO (HA OTKPHITOM MHOXKECTBE) 00pa-
MATHCA B HYJIb, TOJBKO €CJIN BCE €r0 K03(hMDUIMEHTH PABHBI HYJIIO.

Orcrona caenyer, uto f(0) = f(1) =...= f(n) =0.

Taxum ob6pasom, ypasaerue (*) umeeT Juins TPUBMAJILHOE DEIIEHNUE, T.e. CTATUCTUKA
Sy, - TIOJIHAA.

ITostyamsmn, 9TO 9acToTa S ABjAeTCA 1717 NCUbTaHmi BepHy/um Hammydmeli Hecme-
IMEHHON ONEHKOWBEpOATHOCTH ycmexa. <&

[Ipumep2 Bribopka n3 moKa3aTeIbHOTO PACTIPENE/IEHN.

Ilycts 21, %9, . . ., T, - BHIOOPKA U3 PaCIpeesieHus C MJIOTHOCTHIO
1 ( x) >0
—eX —_— Jid T
p(z,0) =13 g P\ 7y) AET=
0, oaa ¢ < 0.

n
e 6 € (0,00) - HewsBecTHBIH mapaverp. Ham yxke msBectro, uro T = Y x;

i=1
ABJAETCA NOCTATOYHOH cratmermkoit ais . Ilokaxewm, uro crarucruka T -

noJIHad.

Herpynuao mokaszars, 4To T mMeeT MJIOTHOCTD, 331aBaeMyi0 (hopMyIoii:

qn(z,0) = (%)n ﬁexp (—%) maz > 0

DTO pacnpenesieHNe Ha3bIBAIOT 2aMMa-pacnpedeseHuem, B KOTOPOM  CIyXKWUT Mac-
mTabueiM napamerpoM. (Cayuaiinas BesmumHa T’ O PACTIPEIETIEHUIO COBIAIAET CO CIIY-
yaitHoit BesmmumuoO# 67y, Tme ciaydailHad BeJMYWMHA Y WMEET T.H. ~CTAHIAPTHOE  TaMM
a-pacupeneJieHne, ¢ IJIOTHOCTHIO

1

——exp(—x aax > 0
=1 P (—z) anaz>
T7€ 7 MOXKeT PVHUMATh HATYDAJIbHbIE 3HAYEHN).

[TomHoTa cTaTucTkym 1" 03HAYAET MOJTHOTY OTHOCUTETHHO A ceMeiicTBa raMMa-pacupenjiennii.
PaccmorpnMm ypaBHerume

Egf(T)y=0  mnascex >0

nJim
T

1 1 -
f(lﬂ)me—ne edIE:O )1JI510>0
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BBefieM HOBYIO IIEDEMEHHYIO ¢ = 4; TIOCJIe COKPAIIEHHil Oy YNM ypaBHEHME
o0
/f(:v)e_txd:v =0  ngnaBeext >0
0

JleBas 9acTh 3TOr0 ypaBHeHud - 3T0 mpeobpasoBanue Jlamiaca dbyuknun f(-). Ono
TOXKJIECTBEHHO (OTHOCHUTEJIbHO t) paBHO HYJ0 Tosibko mid f(-) = 0. Orcloma caemyer,
9T0 ctaructuka 1’ - mosnaga. <&

[Ipumep3

IIycrs { Py, 6 € O} - k-napaMeTpnyecKkoe dKCIOHEHIMAIBLHOE CEMEiCTBO pac-
npenesjieHnii, riue nJ0THOCTb

(% * %) p(z,0) = exp | > c;(0)Ti(z) +d(0) + S(z)| ¢ La(z)

J=1

ITo teopeme daxropmsammu T(X) = (11(X), To(X),. .., Te(X)) ectp nocra-
TOYHasA CTAaTUCTHKA 14 6, 0 € ©.

Teopema

Ecom obsacth 3Hauennii Bextopuoit dbyukumu (c;(), co(d), ..., cx()), xoro-
pPyIo OHa 3amoJTHAeT, Koraa § mpoberaer mapaMerpuieckoe MHOXKECTBO O, co-
JEPKUT KAKOE-JINb0 OTKPHITOE MHOXKECTBO, TO cTarnctuka 1 - nosnad. (Ce-
Meil CTBO pacmpenesienuit ¢ miotHoctavu (***) - mosHoE).

IokaszaTeabCcTBO 3TO# TeopeMbl He mpuBoguM. OHO MOXKeT OBITb OCHOBAHO Ha CBOii-
crBax npeobpasoBannii Jlannaca (Pypbe) (Ha obparumocTn 3Tux mpeobpasoBaHmii), mo-
nobuo [Ipumepy 2.

V3 3T0#t TeopeMbl MOXKHO W3BJI€Yh MHOTO PE3YJIbTATOB, OTHOCANINXCA KO MHOTAM W3-
BECTHBIM ceMeficTBam pacupenesiennit. B uwactHocTn, yrBepxmenms Ilpmvepos 1 u 2.
Eme OZHWM CJIEICTBHEM 3TO TEOPEMbl ABJIAETCA TOJHOTA CTATUCTUKH (T,52), mocTa-
TOYHO /)T f MApaMeTPOB HOPMAJIbHOTO pacupenenernsd N(a,c?) B ciydae BHIOGODKH U3
3TOTO pacupenejeHund. <

[Ipnmep4 JluneltHaa rayccoBcKad MOOEJD.

Jluneitnas rayccosckas momenb X ~ N(I,0%I),1 € L, L - sanano. Cnencrsu-
eM TIpMBENEHHOI BHINIE TEOPEMbl ABJAETCA yTBEPXKAECHWE O TOJHOTE HOCTa-
tounoit crarucruxu (projr X, |projro X |?) nna (I,02%1).©
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Jlekimmu 5-6.
yCJ’IOBHBIG MaTEMATHNYIECKHNE O2KNUITAHUA U yC.TIOBHaﬂ

BEPOATHOCTD.

1 OmnpeneneHnuss 1 nmpocTerme CBOUCTBA.

1.1 HamoMuHaHHWsA: BEPOATHOCTHOE NMPOCTPAHCTBO W CJIydaii-
ubie Besimauabl (A.H. Kosmoropos, 1993)

e Beposammocmuoti modeavto, WA 6EPOAMHOCTIHBIM NPOCTPAHCMEOM HASHIBAIOT Ha-
6op (2, A, P).

Q0 - 9TO MHOXKECTBO TOUEK w; A - g-aarebpa nonMHOXKecTB u3 2; P - BepoaTHOCTHAA
Mepa Ha A.

e MHuoxkecTBO () HA3BIBAIOT NPOCMPAHCNEOM IAEMEHMAPHHIT UCT0006 (MM DJIEMEH-
TAPHBIX COOBITHIA)

e MuoxecTBa n3 A Ha3bIBAIOT UCLO0AMU WA COOBIMUAMU.
e MuoxectBo A € ) HasmBaoT A-usmepumoim, ecan A € A.

e Jlns Beakoro A us A snavenue gynkmun P ua A, T.e. Besmunny P(A), HaspBaoT
6EPOAMHOCTIDI0 cobbIMuUA A.

Ha umncsioBoit mpamoit BeimedioT o-aaredpy 60pesieBCKux MHOXeCTB B. 9To MuHU-
MaJibHad o-aJredpa MOIMHOXKECTB YMCJI0BON MPpAMOil, KOTOpasd COTEPKUT TPOU3BOJIbHbIE
WHTEPBAJIBI, TTOJIYUHTEPBAJIBI 1 OTPE3KU YMCJIOBOI TPaMOii.

e JleiicrBurenbHas dbynknus & = £(w), onpenesienHas Ha (), HA3BIBAETCH CAYHATHOT
seAuUuH0l, €CTM MHOXKECTBA BUIA

(1.1) {w: &(w) € B}

ABJIAIOTCA COOBITUAMY (T.€. mpuHAIIeXRAT A) N7 106X GOPEEBCKUX MHOXKECTB

B, B € B.

Kaxnas ciyuaiinaa BesimunHa £ onpenesiger B MpocTpaHCcTBe () HEKOTOPYIO COBOKYTI-
HOCTB TIOJIMHOXXECTB, 006pas3yoIux o-anaredpy, najaee obo3HadaeMyto Kak Ag, cocroanyio
u3 cobriTuit Buna (1.1), korma B npoberaetr MHOXeCTBO B.

ITpousBonnasi Panona-Huxkonuma. (1930)

[IycTs Ha HEKOTOpPO# o-anrebpe J momMHOXKeCTB u3 () 33/IaHbI MEPHI |4 U A.

e Mepy A Ha3BIBAIOT G6COANOMHO HENPEPHIEHOT OTHOCHTEJBHO MEDHI i, €CJIM U3 pa-
BeHCTBa ((A) = 0 cnenyet, uro n A(A) = 0 (g muOoXecTB A n3 F).
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e Mepy p HA3BIBAIOT O-KoHewHOU, ecau {2 MOXKHO TPECTAaBUTh B BUIE O0ObHEIUHEHU
CUETHOIl COBOKYNMHOCTH M3MEPUMBIX MHOXKECTB, {-MEDBI KOTODPBIX KOHEYHHI, T.€.,
ecan

npuueM p(A4;) < oo,i=1,2,...

Teopema Pamona-Hukommma

[TpennosioxuM, 4To Ha W3MepuMoM npocrpanctse (), F) 3a1aHa 0-KOHEYHAS
Mepa i 1 Mepa A, abCOJIOTHO HEMPEPHIBHAA OTHOCUTEJIHHO /.

Torna cymecrByer F-nsmepumad dbyHkuns f(w), Takas, 9ro
AA) = [ f(w)u(dw)
A

g Beakoro A € F.

C TOYHOCTBIO IO MHOXKECTBA [-Me€DHI HYJIb, GyHKIMA f(Ww) - €MMHCTBEHHA.

e Oyuxmmio f(w) HA3KIBAWOT Npoudsodnot Padona- Hukoduma MepHI A IO MEpE L, WITH
NAOMHOCTNHI0 MEPBI A OTHOCUTETHHO MEDHI [4:

ﬂ@=%@)

2 Ormnpenesenue ycJIOBHOTO MaTE€MaTHYE€CKOTO OXKM-
JaHUs

IIycts Ha BepoaTHOCTHOM mpocTpaHcTBe (2, A, P) 3anaHbl ABe CJjydailHble BEJTMYMHBI
X=Xw)nY =Y (w).

MBI XOTMM OIIPENEINTh MaTEMATHIeCKoe oxXnaanne X Ipn JaHHOM Y, B JajbHelmeM
obosnagaemoe kax E(X/Y).

Beenem HeCKOIbKO GoJiee obImee onpenesieHne yCJIOBHOTO MaTEMATHYECKOTO OXKMIA-
HuA X OTHOCHTEIHLHO MPOM3BOJIBHON o-TIomarebphl HaHHOR HaM o-ajredpbl A. 910
MaTeMaTniecKoe OXuaanne Mbl 3aTeM cBaxeMm ¢ E(X/Y).

ITycrs G - HEKOTOpad o-nofasredbpa o-aarebpst A. (910 03HAYaET, YTO, €CJIN MHOXKE-
crBo A BxomuT B G, OHO Takxke Bxomut u B A). Ompenesmm ycjIOBHOE MATEMAaTHUECKOE
oxunganne X OTHOCUTEIHHO G, B najibHeiime M obo3Havaemoe kak F(X/G).

[IpencraBum X B BHIE

X=X"T-X_

rme X*T >0, X" >0.
Onpenesinm E(X*/G) u E(X~/G), n 3aTeM NOJIOXAM TIO ONMPENEIEHNIO:

(1.2) E(X/G) = E(X7/G) — E(X"/9)

€CJIM XOTs OB OOHO M3 9TUX YCJIOBHBIX MaT€MaTHU4Y€CKUX O}KI/I)IaHI/Iﬁ KOHEYHO.
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Taxum obpasom, E(X/G) moxer npnHIMarh 3HadeHud 400 mwinm —oo. (Takywo Bos-
MOxHOCTb nMeer 1 E X nipu 9T0M criocobe onpenesienns.) Bupouem, MOXKHO OTpAaHUYNTh-
ca cayvaeMm, korma E/ X/ < oc.

B cuay (1.2) mago ompenesuty E(X/G) nna X > 0.

Ha o-asrebpe G paccmorpny ase Mepst: P(-) n Q(+), TOJIOXUB I TPOR3BOJILHOTO

Aeg

(1.3) QA) = / X P(dw)

A

fAcno, uTo Mepa () abcoIOTHO HempepbiBHA OTHOCUTE bHO Mephl P. Ilostomy, mo
Teopeme Panona-Hukonuma, cymecryer dynkmusa f = f(w), n3smepumas OTHOCUTETHHO
G, m Takad, 4To

(1.4 Q(4) = [ 1(w)P(av)

Oyukumio f(w) us (1.4) Has0BeM ycaosHbIM Mamemamuieckum orcudanuem X (31ech
X > 0) omnocumenvro o-aszebpo, G, T.€.:

E(X/G)(w) = f(w)

Onpenesims E(X*/G) u E(X~/G), no dbopmyaie (1.2) onpenenum E(X/G) naa npo-
M3BOJIbHON cirydaitnoit Bemumab X .

Taxum obpasom, E(X/G) - aro cayualinasd BeJWdYMHA, N3MEPNMas OTHOCUTEJIBHO O-
aarebpsl G. Ona onpenesieHa eNMUHCTBEHHBIM 00pas30M, C TOYHOCTHIO IO MHOXKECTB HYy.JIe-
BOIl BEpOATHOCTH.

ITycrs ceiiwac G = Ay. Tak xak E(X/Ay) usmepuma oTHocuTebHO Ay, Kak QyHK-
MU OT W, 9Ta CaydYaitHas BeJIMYNHA C BEPOATHOCTHIO 1 MOCTOAHHA HA MHOXKECTBAX BUIA
{w : Y(w) = Const}. Iostomy E(X/Ay) Mo xHO paccMaTpmBarh Kax (DYHKIMIO OT
Y =Y (w), u, 10 onpenesenno, MOXHO MOJOXKATh

E(X/Y) = E(X/Ay)

3 HekoTopsie cBoiictBa F(X/G)

1.

(1.5) / E(X,G)P(dw) = / X P(dw)
A A
ni4 Beakoro A € G.
DT0 CBOMCTBO - BCETO JIMIIb ApPYras 3amuch onpenenenus (1.4).

Bamernm pasiuune Mexay X u E(X/G): cayvaitnas Besmanaa X, Boob1ie roBop4,
HE M3MepHMa OTHOCHTEIbHO G (OHA M3MepMMa OTHOCHTEILHO Gostee ”Goraroit” o-

anrebpel A, G C A).
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(1.6) EE(X/G) =

s mokasareabcTBa HaOo mooxuTh A = () B cBoiicTre 1.

Torna:
E[E(X/G)] = /E(X, G)dP = /XdP — EX
o) o)
4T0 1 TPebOBAJIOCH.
. Jluneitnoe cBoiicTBO:
(1.7) E(aX +bY/G) =aE(X/G) +bE(Y/G)

TIJId TIPON3BOJIbHBIX CAyYalHbIX BesimanH X, Y ¥ TocToaHHbIX a, b. [Ipu aToM neBaa
YacTh CYMECTBYET, €CJIM CYNIECTBYET MpaBad dacCTh.

15 mokKasaTebCTBA JOCTATOYHO MOKA3aTh, 4TO I Jioboro A € G

(1.8) / E(aX +bY/G)dP = / 0E(X/G) + bE(Y/G)|dP

A

n uto aE(X/G) +bE(Y/G) nsmepumo ornocutesibho G. Ilociennee, Bupouem, ode-
BUIHO.

ITpeobpasyem JieByio dacth (1.8):

/E(aX +bY/G)dP = /[aX +bY]dP =

o [IB(X/G)dP +b [[E(Y/G)dP = [[aE(X/G) +bE(Y/G)|dP
4T0 1 TPebOBAJIOCH.

. Ecom X usmepuma otHOCHTENIBHO G, TO E(X/G) = X.

B wacTrOCTH,

(1.9). E(X/Ax) =

. Ecom X m Y wezaBucumbI, TO

(1.10) E(X/Y)=EX

g moxasaTesibCTBa TOCTATOYHO TPOBEPUTH, YTO Ijid Jitoboro A € Ay:

(1.11) /E(X/Y)dP = /(EX)dP

O6o3naunm uepes [4 = I4(w) nHANKATOPHYIO DYHKIMIO MHOXKECTBa A.
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Kaxk cayuaitnas BenunHa, 4 n3MepuMa oTHOCUTEIBHO Ay . IIpu sTom ciryuaitnbie
Besimuunbl X u [, HesaBUCHMBI, OO HE3aBUCUMHI OABe o-aarebpbl Ax n Ay.

[Tpeobpasyem JieByto dacTh (1.11), 3aMeTHB mpenBAPUTEIHLHO, YTO MpaBasd YacTb
(1.11) pasua (EX)P(A).

Nwmeewm:

/ E(X/Y)dP = / XdP = E[XI,] = (EX)I, = (EX)P(A)

(B cuity HesaBucumoctn X u I4), 910 M TPEGOBAIOCH.

. Yc/I0BHBIE BEPOATHOCTH.

Kak MBI TOJIBKO 9TO BCIIOMHWJIN,

P(A) = El,.

[To aHa/IOTMK C 3TUM PABEHCTBOM, YCJIOBHYIO BEPOATHOCTD COOBITHSA A OTHOCHTE -
HO 0-aJTedphl GonpeneimM Kak

(1.12) P(A/G) = E(14/G).

CoOTBETCTBEHHO HTOMY, YCJIOBHAA BEPOATHOCTH COOBITHA A OTHOCHTEIBHO CiTydaii-
Holt Besimumusl Y (npw nanHOM Y') ecTh

(1.13). P(A/Y) := P(A/Ay)

. YcJI0BHBIE pacTpenesieHn .
Hanovuuwm, uto pacnpedeseruem caydaituoit Beauunabl X Mbl HA3BIBAEM COBOKYTI-
HOCTb BEPOATHOCTEN BUOA

Px(B):=P(X € B),BeB
korma B mpoberaer g-aarebpy 6GOpesieBCKUX MHOXKECTB UYHMCJA0BOM mpamoit. Ilpwm
arom Px(B), kax dbyukunsa B € B o6pasyer Ha B BEPOATHOCTHYIO MeDY.

Ilo amajsormy ¢ 9TUM YCJOBHBIM paclpenesieHneM caydaitHoit BesmamHbl X OTHO-
CHTEJILHO 0-aJITeOphl § eCTEeCTBEHHO HA3HIBATh COBOKYIHOCTh YCJIOBHBIX BEPOATHO-
cTei

(1.14) Px(B/G) := P(X € B/G)(w), B € B

W3 panpHeRmX CBOKCTB YCJIOBHOTO MATEMATHIECKOTO OXKWUIaHNA OyIET C/IeI0BaTh,
9T0, C BEPOATHOCTHIO 1, 9TW yCJIOBHBIE paclpelesieHnd BePOATHOCTU 0-a TN TUBHBI.

He caenyer 3abbiBarh, uto (1.14) - 910 ciaydvaiiHas BeJWYWHA, ONpPENESEHHAA C
TOYHOCTHIO 10 MHOXKECTBa MepHl HyJib. MOXHO TOKa3aTh, YTO CYNECTBYET TaKoi
BapUAHT ee onpenesennd, uro (1.14), kax ynkmua B, B € B ¢ BepodaTHoCThIO 1
obpasyet Ha B (c sy4aiinyio) BepodTHOCTHYIO Mepy. B aTom ciyuae

(1.15) E(X/G)(w) = /X(w')Px(dw'/g)(w)
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IIOYTH HaBEPHOE.

Brpouem, B mpocToii cuTyanuu, KOTOPYI0 MBI paCCMOTPUM B CJIEIYIOMEM TIaparpa-
e, MBI ONIPENESINM YCJIOBHOE MATEMATHYECKOE OXKWIAHNE, OTIIPABIAACH OT YCJIOB-
HOTO pacupenesenud. [lomobHo ToMy, Kak MaTeMaTUYeCKOoe OXUIAHWNE CJIydaltHOil
BEJIMYUHBI MBI OOBIYHO BBOAUM, OTTIPABJAACH OT pacIpeieseHun .

4 TIIpocTbie ciry4YalHbI€ BEJIMYHUHBI.

B srom naparpade mbi pacemorpum E(X/Y) nas mpocTeix caydaiinbix BesmunH X u
Y. B sTOM Cilydae yCI0BHOE MATEMATHYECKOE OXMIAHNE MOKHO BBECTH 3/IE€MEHTAPHBIMU

CpefCTBaMM.
Ciyuaiinas BesmauHa Y HasbIBaeTcd npocmoti, ecum Y MOXKHO OPEICTABATH B BHIE
(2.1) Y =3 yI(D;)

rae [(D) = Ip(w) - nanukaropras dbyuknnsa mHoxecrsa D. (ITo ynobcrBam 0603HaUEHNS
I(D) npennourntesibHee 3nech, 4eM Ip = Ip(w).) MoxHO cunTarh, 94T0 YuUCaA Y1, Y2, - - -
Pas3/IMYHBL ¥, 9TO COBOKYNHOCTh MHOXecTB D, j = 1,2,... B (2.1) obpasyer pasbuenue
npocrpanctBa : D;ND; = 0, econ j # i; UD; = Q. Korna cnyvaiina s BesmumHa

Y mpocrad, TO MOpoXIeHHAdA €0 g-aJaredpa .Zty nopoxnaerca paszouennem Di, Ds, .. ..
(Bmecw Dj, j =1,2,... - 510 MHOXKecTBa ypoBHA PyHKmEn ¥ =Y (w), D; = {w: Y (w) =
Yi}-)

Hasiee Mbl 6yeM paccMaTpuBaTh o-aJjrebpbl, TOPOXKJIEHHbBIE KOHEYHBIMI (MM CYeT-
HBIMH) Pa3OUeHnAMH.

[Iycts G - Takada o-ajrebpa. [lopoxmatomee ee pasbuenune 0003HAYNM, KaK 1 BBIIIE,
uepe3 Dy, Ds, .. ..

ITycrs X - mpocras caydvaiinas Besqmunna. Torma ans E(X/G) MoxHO marh aeMeH-
TapHOE OTpEeJIeHNe.

HauneM ¢ ompesesieHus yCJIOBHOI BEPOATHOCTH.

[Tosi0 UM IO OTIpeesIeHno A1 Beakoro A € A

(2:2) P(A/G) = P(A/G)(w) = >_ P(A/D;)I(D;)

fAcuo, uro P(A/G) ecTb n3amepnMas OTHOCUTEIBHO § CiydaiiHad BeJIMYNHA.
I'maBHOe cBOHCTBO ycJI0BHOM BeposATHOCTH (2.2):

(2.3) EP(A/G) = P(A).
IlokazaTebCTBO OYEBUIIHO :

EP(A/G) =}_P(A/D;)EI(D;) = > P(A/D;)P(D;) = P(A).

J

IIyctn

(2.4) X =Y wml(4)
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Io anasnormn ¢ EX = Y x;P(4;), onpeneam E(X/G) dbopmy.oii:
(2.5) E(X/G) = Zx P(Ai/G).

Ormernm, uto Tak onpenesienHoe F(X/G) - nsmepumasa oTHOCUTETBHO G CaydaiiHas
BeJINYMHA ¥ 9TO

(2.6) FEE(X/G) =
HoxasaresbcTBo (2.6) oueBHAHO:

E(X/G) = Z:EZEPA/Q inP(A

[TokaxeM, uTo omnpenesienne (2.5) coBmagaer ¢ O6IMM ONpENEJIEHNEM MaTeMaTude-
CKOTO OXuaanuda u3 naparpada 1.
719 9TOTO TOCTATOYHO MPOBEPUTH, YTO AJI4 JII0O0To G:

(2.7) / E(X/G)dP = / XdP.
B B
Tak xak B € G, To B M0OXHO TPEICTaBUTDh B BUIE OObENMHEHNA HEKOTOPOIl COBOKYTI-
HOCTH MHOXECTB D;:
B == Z Dj,
jEK

rae K - HEKOTOPOE€ MHOXKECTBO NHICKCOB.
amee 3ameTnm, 9T0

/EX/gdP Z/EX/Q

EKD

/X S [ xap.

]EKD

[TosTomy (2.7) mocraTodno mokasarb mjia MHOxecTB Dj, j =1,2,.. ..
Urak, nosioxus B = Dy, npeoGpasyem JieByio dacTh (2.7), nucnombsyda (2.5) u (2.2):

[ EX/G)aP = 3 x; [ P(4i/@)dP = Y5 S P(4i/ D) EI(DR)I(Dy)

[Ipeo6pasoBaHue HpaBOﬁ vqactn (2.7) IaeT TOT XKe Pe3yJIbTaT:

/ XdP = EI(D)[S w:il(A)] = 3 2 EI(A:Dy) = 3 2P (A Dy)
4T0 1 TPebOBAJIOCH.
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n
Yepednenuem nabopa umcen xi,...,%, ¢ Becamu p; > 0,...,p, > 0, > p; = 1 Ha-
i=1

n

3bIBAIOT . Z;p;. (C BEPOATHOCTHOI TOYKM 3pEHWsA, YCPEIHEHWE - 9TO MATEMATHUECKOe
i=1

oXUJaHWe CJaydaitHoit BeJIMYMHBI, TPUHUMAIONEH 3HaYeHNd L1, . .., T, C BEPOATHOCTAMNI

Piy- - 7pn-)
[TokaxkeM, UTO 3HAYEHWUs, KOTOPhle IPUHUMAET Ciaydaiinaa semuuna E(X/G), cyTb

ycpenHeHud 3HadYeHmit X.
LeficTBuTE N HHO,

BX/6) = S aiP(4/0) = X0 PAYD)I(D;) = X [Ss(ay/ 03| 100,

Ha muoxectse D; cayvaitnag Beamunua E(X/G) npurumaer sHadeHne

sz (A;/D;)

Ormernm, uto P(A;/D;) > 0, m uro 3 P(A;/D;) = 1 m6o Ay, Ay, ... - 5T0 pasbuenne
j

BCETO MPOCTpaHCTBa. TaknmM 06pasoM, y; - 9T0 yCpeqHeHne HaboOpa &1, . . ., L, 3HAUEHNH,
npuHEMaemMbix X, ¢ Becamu p; = P(4;/D;).

5 HexkoTopsle DaJibHEUIIINE CBOUCTBA yCJIOBHBIX Ma-
TEMATUYECKUX OXKUIAHUM.

Cienytoriee CBOMCTBO YCJIOBHBIX MATEMATUYECKHWX OXWUIAHWUH - BO3MOXHOCTb BBIHECTH
3a 3HAK MATEMaTUYECKOTO OXWIAHUSA CJIYYaliHbIf MHOXKWTE b, TIOCTOAHHBIA TpU TAHHOM

YCJIOBUM:
(3.1) E[p(Y)X/Y] "= o(Y)E(X/Y)

[IpennoutnTespree chopMyanpoBaTh 5TO CBOMCTBO B GoJiee 0OMEM BHIE:
Ecnu Y wsmepuma OTHOCHTETBHO G, TO

(3.2) (XY/Q) = YE(X/Q)

IpH yCJIOBUM, YTO 9T MaTeMaTHUYeCKNe OXKMNIaHUA CYIIeCTBYIOT.
ILOKaSaTeJIbCTBO 9TOI'0 paB€HCTBa HaYHEM C IIPOCTHIX CJIy‘-IaﬁHbIX BEJINYUH:

6 JToka3are/IbCTBO MOJjIsI CJIydasli IIPOCTBIX CJLyd4ai-
HBLIX BEJIMYUH.

[Iycts Y - mpocTtad cayyaitHas BeJTMYuHA, U3MEPUMasA OTHOCUTEIHHO o-aarebphl G.
Torna:

(3.3) EXY/6) "L YE(X/G)
ﬂonasameﬂbcmeo.
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ITo npennoyoxkenuto Y = 3 y;1(B;), npuuem B; € B, i =1,2,.... Teneps
E(XY/G) = Zyz B;)X/G).

Y106kl mosTyunTh (3.3), IOCTATOYHO MOKA3aTh, ITO
E(I(B)X/G) = I(B)E(X/G),

ecqim B € B.
[Tockosbky I(B)E(X/G) mamepnMa OTHOCHTEBHO G, IJIs HTOTO JOCTATOYHO MOKa-
3aTh, 4TO OJIs J1I06oro A € G

(3.4) / I(B)E(X/G)dP = / I(B)XdP
A A
[Ipeobpasys JIeBYI0 9acTh, JOKAXKEM, TEM caMbiM, (3.4):
/I E(X/G)dP = / E(X/G)dP = / XdP = /I(B)XdP,
ANB ANB A

4TO U TpeboBajioch.O

7 O6mmi ciry4dam.

ITycts Y mamepnma otHocuTesbHO G, E|X| < o0, EY| < 00, E|XY| < 0.
Torma

(3.5) EXY/6) "L YE(X/G)

oxasameavcmeo. OcHOBBIBaeTcs Ha TMyHKTe 3.1 m 0000meHHO#t Teopeme Jlebera o
MaXKXOPUPOBAHHOR CXOOMMOCTH, KOTOpada OymeT JaHa B myHKTE 3.3.

BribupaeM mocsieqoBaTeTbHOCTD MPOCTHIX CAYYalfHBIX BEJIMYNH Y, Tak, 4To0n YV, 1Y
I.H. Iipu 1 — 00. B Takowm coayuae

E(XY,/6) "L Y, E(X/G)

B cuiy J3.1.
[Io ynomanyToit Teopeme

E(XY,/6) ™% BE(XY/G)
Kpowme Toro,
E(X/G) =5 Y E(X/G)

D10 mokaswiBaer (3.5).0
Caencrsue:

Elp(Y)X/Y] 2" p(Y)E(X/Y)

Jlemma



IIycrs || < 7, En<oona, =8 anpnn— .
Torma
(a) .
E(an/G) =— E(a/G)
(b)
E(|lan — a|/G) TR0

CpaBuuM ¢ Teopemoit Jlebera (0 MaxKOPUPOBAHHON CXOIMMOCTH):

ITycts |fn|§77,E77<OOI/Ian—'I){prI/ITL—)OO.

Torma
[ ]
E¢ % R (E¢ cymecTByer)
[ ]
II.H,
E(|é—¢&) =0
Hoxaszameavcmeo.
[Tonoxwum
&, = sup |am —«
m:m2>n

fAcHo, 4t0 &, > |a, — .
Tak xak oy, Tf o, 10 &, | 0 m.H..
Tenepn

() |E(on/G) — E(a/G)| = |E[(on — ) /G]| < E(|an — a|/G) < E(£/9).
HokaxeMm, 4TO
E(&./6) 5 0

W3 sTOT0 BHITEKAET YTBEpXKIEHNE JIEMMHBI.
3amMeTum, 4TO

[ToaTomy cymecTByeT npenesi (MoYTH HABEPHOE):
h:= lim E(£/G) >0
HaJstee

0< Q/th < Q/E(fn/g)dPﬂ/fndP — Ft, — 0

[TocsienHee 3akTI09EHNE €CTH CJENCTBUE UTUPOBAHHON TeopeMbl Jlebera, n6o
0< & <26, Bf < 00,6 = 0.
[Mosyuwnn, aro [ hdP = 0.
0

T.x. h >0, To h = 0 m.1. CienoBaTeabHO:
E(£./G) ™5 0

D10 n mokaswiBaeT Jlemmy.O
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8 0-adIUTUBHOCTH yCJIOBHOU BepositHocTtu P(A/G).

ITycts A =Y A;, nipuaem A;NA; =0, ecrm @ # j.
Torma Z

(3.6) P(A/G) " 37 P(4i/G)

n
HJ1s noKasaresibCTBa JOCTATOYHO TOJIOXKWUTH B Npensiymeit Jlemme o, = Y I(4;),
i=1

a = I(A) n 3ametursb, 9To @ T @ ipu n — oo. IIpoume ycsosus JlemMmbl Toxe COBJTIO-
IEHDI.

9 VYcioBHasi gucCIepcus.

ITo anmasornu ¢ onpenesernem mucnepcnn DX = E(X — EX)?, BBeneM yCJIOBHYIO IUC-
nepcuio X OTHOCUTEIHHO G, TOJIOXKWB, 110 ONPEIEJIEHNIO,

(3.7) D(Xx/G) = E{|X — E(X/9)I/G}
[TokaxuTte, 9TO
(3.8) DX =ED(X/G)+ DE(X/G)

(npm ycnoBun, uro DX cymecTByer).

10 Hawiny4muii KBaapaTWYHLIA IIPOTHO3.

(@opmysMpyeTca B BUIIE 3aJ1a4H. )

ITycThb caydvaiinble BeIMunHbl £ U 7) 3aJaHbl HA OOHOM BEPOATHOCTHOM TPOCTPAHCTBE.
Hano naiiTu njia n Hanayummii mporHos mo Habiogaemoit cayyaitnoit Benunne €. Nnage
TOBOP#A, Ha/I0 HallTH Takyio dyukumo f(§), uyto misa Jjodoit Gyukmun g(£):

E(n— f(£)* < E(n—g(&)>.

Otser:

f(&) =EWm/¢).

11 TIIpumep Boruucsenus E(X/Y).

PaccMOTpuM mpuMep OJHOBPEMEHHO THIWYHBIA M BBHIYMCJINTEIHLHO HECJIOXHBIA. IlycTh
BepOATHOCTHadA Tpoitka (£2,.A, P) TakoBa:

e O={w:w=(2,y),0<2<1,0<y <1}
e A - g-anrebpa 60peIeBCKUX MHOXKECTB §)

e P - mepa JleGera na (2.
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Paccmorpnm nBe ciyvaitasie Besmanusl £ = E(w) n n = n(w):

E=&(x,y)=z,n=n(z,y)=z+y

Borancomm E(€/7).

OtmernM, uto A (0-asrebpa mOIMHOXKECTB §), IOPOXKIEHHAA CIIydaiiHON! BesmanHOM
£€) - 9TO COBOKYNHOCTh MUJIMHAPUYECKUX MHOX)ecTB u3 () Buma B x [0,1], tne B - npouns-
BOJIbHOE GopeJieBcKoe MHOxKecTBO u3 [0,1].

Curma-asrebpa A, ycrpoena cxoxuMm obpasom. Ee cocrasiaior (nmepecedenssie ¢ §2)
IpAMBIE TPOU3BENEHNA OOPEIEBCKUX MHOXKECTB, JIEKAIMNWX HA TPAMOR T = y, U MpaMon
{(z,y) : z + y = 0}. (Cm. weprex)

Xopomo BUIHO, 9TO & He W3MepHMa OTHOCUTEJBHO Ay, 1 o6paTHO.
ITo onpenestenmio, E(€/n) - Takas n3aMepumas OTHOCUTENbHO A, bynkmua f(z,y) or
w = (z,y), Aas KOTOPOIit

(4.1) //f(:v,y)dP:/ / zdP

(z,y)€A (z,y)cA

s smoboro A € A,).

Tax xak f(z,y) n3Mepuma OTHOCUTEJLHO A,, OHA IOJIKHA 3aBUCETh OT (z,Yy) depes
TIOCPENCTBO 1) = & + Y. DTO 03HAYAET, UTO B KavuecTBe f(x,y) 30€Ch CJIenyeT B3ATb, MOKA
TPOM3BOIbHY0, byHKINO ¢(Z+Y), Tae g(-) - m3sMepumas HyHKINA OTHOTO TIEP EMEHHOTO.

B (4.1) mocTaTovHO paccMaTpPUBATH TOJBKO MHOXeCTBa A Buaa

A={(z,y):z+y < 2 (z,y) €Q},

TIe 2 - TPOU3BOJIBHO.
ITpn Takom BEIGOPE f(x,y) m A yciosue (4.1) npumer Bun;

(4.2) / / g(z +y)dP = / / zdzdy

z+y<z z+y<z

(z,y) €Q (z,y) € 0

B mnrerpanax (4.2) ciaenyer coesiaTh 3aMeHy T€peMeHHBIX (Z,y) — (u,v), T0JIOKWUB
U= +y.

BriGop BTOpOil TepeMeHHoi He 049eHb BaXKeH, OJI0XKNM, HapuMep, v = I — v).

[Tocsie 3TOM 3aMeHBI qBOHHBIE MHTErPasbl B (4.2) MpencTaBuM B BHIE MOBTOPHBIX.

5.12



Has npocrotsl BosbMeM z € [0, 1]. (Cayuaii z € [1,2] jilerko cBoAMTCA K paccMaTpu-
Baemomy.) Ilosyumm ypasaenue ajs g(-)

(4.3) %/Z (g(u)/udv) du = %/Z (/“ u—;vdv) du

—Uu

Orciona
4 4 1
/ug(u) =/§u2du,
0 0
win g(z) = g
Takum obpasoMm, 31ech
E(&/m) =n/2,
IRV
T+
(4.4) Blz/z+y) = — Y

3amernwm, 9ro npu Beruucsgernn E(X/X +Y), eciim X n Y He3aBHCHMBI ¥ OIMHAKOBO
pacnpeniesieHbl (Kak B PACCMOTPEHHOM BHIIIE NIPHMEDE), MOKHO OOORTHCH NPAKTHYECKN
Ge3 BBIYNCIIEHNIH, €C/IM BCIOMHUTH HEKOTODbIE M3 NIEPEYNCJIEHHBIX BHIIIE CBORCTB yCIIOB-
HBIX MaTeMaTWIeCKUX OXKUIAH Wil.

Bo-miepBhIX, B CHUTy CHMMETpHH,

E(X/X+Y)=EY/X+Y).
3arem
X+Y=EX+Y/X+Y)=EX/X+Y)+EY/X+Y).

Otciona .
E(X/X+Y)= 5(X+Y).
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Jlekiuga 7

1 JIunelinas rayccoBcKas MOIEJIb

B abcrpakTHO# (hopMe 9Ta cTaTHCTHUECKas MOEsb 0 (BeKkTopHoM) Habmonennn X, X €
R", X - BexTop - croqben, X = (X1, Xy, ..., X,)T.

[Ipenmosioxnm, ato X - caydaitHbiit BEKTOp, pacupeleseHHbIil T0 HOPMAJbHOMY 3a-
KOHY, IPUYEM MaTeMaTudeckoe oxunanue X, T.e. BekTop E X, npuHaI/IeXXUT 3aJaHHOMY
JmHeitHOMy moxmpocTpaHcTBy L, L C R™; marpuna xosapuanuit Bektopa X pasHa 021
(ckasApHas MaTpHIA).

Bektop | := EX u ckangap o2, 02 > 0 - HenspecTHnl. KopoTkasa 3ammch: Hab/I00a-
embrit Bektop X cayuaen u X ~ N(I,0%I), npudaem [ € L, rne L - 3amannoe quHeinoe
TOJIITPOCTPAHCTBO.

CrarucTuueckue 3aJa9d B 9TOi MOIE N - BLIBOABI O HEM3BECTHLIX HapaMeTpax [ u o2.

2 HecwmenieHnHoe OIleHUBAaHKWE IIapaMeTpPOB.

B JIeKIMsAX 0 MOCTATOYHBIX CTATHCTHKAX OBLIO CKa3aHo, 9To ajid mapamerpa 0 = (I; 02)
B 9TO#l MOJIEJTH €CTh JIOCTATOYHAA CTaTuCThKA. 910 mapa T = (proji X; [proj X [%).

[Ipumem 6e3 moKaszaTebcTBa TOT (DAKT, UTO HTA CTATUCTUKA 1 - MOTHAI.

[Tosromy Hamsyumas (MMelOas HAMMEHBIITYIO MATPHUILY KOBAPUAIWII) HECMENEeHHAS
OleHKa mapameTpa f mosKHa ObITh DYHKIMER T0CTATOYHON CTATUCTHKY (Takad ONEHKA
€TMHCTBEHHA).

Sametum, uto Eprojr X = projr.EX = projil =1, nbo:

e Onepannio ycpenuenns (BHIYACJIEHNS MATEMATHYECKOTO OXKUIAHUA) U MPOEKTUPO-
BaHM"g X MOXHO TOMEHATh MecTaMu (NpoeKTHpoBaHme X Ha MONIPOCTPAHCTBO -
JINHEWHAs omepalys; ycpeaqHenne ob1a1aeT CBoficTBaMI JIMHEHHOCTH );

e Tak Kak | € L, To proj.l = 1.

CaenoBaresibHO, HaMJTyulIad HECMEIIEHHAA ONEHKa | yXe HalineHa - aTo projrX.
Yro6w! HafiTH HAMTYYNIyIo HECMENIeHHYIO ONEHKY 02, HaJ0 ToApobHee W3yYnTh CTa-
THCTUYECKWe cBoiicTBa projr X u projr.X.

3 Hecko/ILKO BCIIOMOraTe/IbHbIX ONPEIeJICHUN.

Onupenenenune 1 Ilyctsb 11,72,...,7, - CYTh HE3aBUCUMBIE CJIyUYailHble BEJTUYUHBI, PAC-
TpefeJIeHHbIe KaXkIad 110 CTaHAapTHOMY HopMmaibHoMy 3akoHy N(0,1). Coywaii-
HOIt BesIMumHON Zu-K6adpam c T cmenewamu c60600b, HA3HIBAIOT

X(r) =mi 45+

Pacnpenesierne corydaitnoit Bemaunst x2(r) miada jo6oro 7
(r - HATYpaJIbHOE) MOXKET GBITh BEIYMCJIEHO BO BCEX MOAPOGHOCTAX (MJIOTHOCTD, (DYHKIINS
pacrpeesieHns, KBAHTUJIN, W T.1.). fIBHBI ero Bun HaM He MOHAmO6UTheA. [ocTarodno
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CKa3aTb, YTO TaOJUILI PACTPEN eJIeHNt 1 KBaHTUJIER eCTh B COOPHUKAX CTATUCTUYECKUX
TabJINnII,

Cryuaiinyto BesmauHy X2(r) MOXKHO TOJKOBATh KaK KBAJPAT JJTWHBI CJIydYailfHOTO T-
MEPHOTO BeKTOpa 7 = (N1, 72, .. -,Mr) ~ Np(0,I), COCTaBJIEHHOTO M3 HE3ABUCUMBIX OJHO-
MEPHBIX CTAHIAPTHBIX TayccoBCKuX Besmund 7; ~ N(0,1),i=1,7.

Pacnpenesnenne N, (0, ) 9acTo HA3BIBAIOT CTAHIAPTHBIM T-MEPHBIM TAyCCOBCKUM Dac-
TpeeJIeHNEM, a BEKTOD 7] - I-MEPHBIM CTAHIAPTHBIM TayCCOBCKAM BEKTOPOM.

Omnpenenenune 2 Heyenmpaavroe pacnpedeserue Tu-xeadpam.

IIycrs @ = (ay, a9, - . ., a,) - 330aHHBI BeKTOP. PaccMOTpUM CilydaitHyto BEJTMYUHY
X(rA) = (m+a)’+ (m+a)+-+ 0 +a)’

Bneck A = a?+ a3+ -+ a2 U3 gemmbr 4.1 (KOTOPYIO MBI JTOKAXKEM B CIIEIYIONEM

T

pasneﬂe) cJeyeT, YTO pacupenesjenne caydaiinoil BeTWIuHbl ) (77z' + ai)2 3aBUCUT
i=1

ot A := |d@J?, HO HE OT G. 3TO OBCTOATETHCTBO OTPAKEHO B 0003HadeHnH X2(r, A).

T
Besmmunaa A = Y a? Ha3BIBAETCH NAPAMEMPOM HEYEHINPAALHOCTIY DACTIDEEICHNS
i=1
xu-kBagpar. Ecom A = (, pacnpenejienne Xu-KBaApaT HASBIBAIOT UEHMPAALHDIM.

HeneHRTpaIbHO PACTIPEIEIEHHYI0 CTydaiinyto Besmanny X 2(r, A) MOXHO TOJKOBATh KaK
KBaJIPAT JINHBI T-MEPHOTO TayCCOBCKOTO BEKTOPA 7 + d, mpuaeM A = |a/?.

Herpynso mokasaTh, 4To cemeiicTBo coydaitHbix BesmumH x2(r, A) cToxacTwdecku
yrnopangodeHo no napamerpy A, A > 0, ecan r - GUKCUPOBAHO.

Wupivu ciioBamu, ecan 0 < Ay < Ay, To mjd jwobdoro z > 0

P(x*(r, A1) > 2) < P(x*(r,Ag) > 2)

(O noxasaresibCTBE CKazKeM T03XKe. )

I'pacdukn dynkumit pacnpenenenns y = P(x?(r, A1) > z) npu pasabix A > ( BeITJIA-
IAT TPUMEPHO TaK:

4 JIBe jieMMbI O KPYTrOBbIX HOPMAaJILHBIX pacIpeie-
JIEHUAX.

Jlemma 4.1
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[Iycts X ~ N(I,0%I), C - oproronanbaas MaTpuna. Torma

Y :=CX ~ N(Cl,0%I)
(CoioBecHasi hopMa: TpM OPTOTOHAJBHBIX TPEOOPA30BAHUAX KPYTOBOE HOD-
MaJIbHOE PACIpeNesieHne OCTAeTC KPYTOBbIM. )

LHoxaszamesvcmeo
Ilia mokasaTesbCTBa NIOCTATOYHO BBIYWCJNTL MATPUILy KOBapHalliu BeKTOopa Y =
CX. TlockoabKy muis Jioboit marpunsl A marpura koBapuamuit Bektopa AX ectb

D(AX) = A(DX)AT
(tme D¢ obosHauaeT MaTpuily KoBapuammit Bektopa ), To
DY = C(DX)CT = C(a’I)CT = oI,
4TO U TpeboBajioch.O

Caencrsue Ilycts 11,7, . .., CyTh HezaBucumble N(0,1). Torna:

(m+ ) + (4 a2’ + o (1 +ar)* =2 (o + VAP 75+ 407,
rme A’ =a?+ a2+ -+ a2

D10 yTBEpXKIEHWE MOKA3HIBAET NPABUJILHOCTH yNOTpeGseHns Bbipaxenus x2(r, A)
NI pacIpenesieHns KBaIpara JIMHBI BEKTOPA 7] + @. 31ech 7 = (N1, My -« -, 7r)-

Jokasameavcmeo

Jokas3aTeTbcTBO OCHOBBHIBAETCA HA TOM, YTO BEKTOD 7] + @ MOXKHO OPTOTOHAJIBHBIM
npeobpasoBanueM (ckaxem, C) IEPEBECTH B BEKTODP C KOODAWHATAMMU:

(ﬁl + \/Z7ﬁ27 R 7ﬁT)T

rae 77 = Cn. 1lpum opTOroHABHBIX NPeoOpPA30BAHUAX IJINHA BEKTODPA HE MEHAETCH; Pac-
npenesierne C7), Tak xe Kak u pacnpenesenne 7 ectb N(0,1).
Jlemma 4.2

Ilycts Ly, Lo, ... - IONapHO OPTOTOHAJIBHBIE TIOIMIPOCTPAHCTBA, PAMAA CYyM-
Ma KOTODBIX COCTaBJIgEeT BCe MPOCTpaHCTBO R™:

Ll@Ll@:Rn

IIycrs projp X obosHadaer mpoekumio BekTopa X Ha NOANPOCTPAHCTBO L (B
eBKJII0BO# Merpuke. [lyctsh, ckaxem, X ~ N(I,0%I).) Torna:

(a) Cayuaiiabie BeKTOpHI projr, X, projr,X, ... He3aBUCHMBI (B COBOKYITHO-
CTH) W DacupeiesieHbl HOpMaJjbHO, npudeM Eprojr, X = proji,l,i =
1,2,...;

(b)

lprojr, X|? = a®x*(ri, A)

e r; = dimL;, 6; = | tprojr, %,
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Iloxazameavcmeo

Paccmorpum B R™ HOBBIT OpTOHOPMUPOBaHHBII 06a3mc, KOTOPHI cTpouM, oO0benuHAaa
OPTOHOPMUPOBaHHBIE Ha3MCHl TOOANPOCTPAHCTB L1, Lo, . . ..

Panu onpenesieHHOCTH BBEOEM COOTBETCTBYIONINE 0603HAYECHN:

f17f27 .. '7f7‘1 - 6&31/ICL1;

Jritts Frit2, -« o5 frigr, — GasucLy; u T2,

Paccmorpnm koopaunatsl BekTopa X = (Xi,...,X,) B 6asuce {f}. O6osmaunm mx
yepes Y1, Y, ..., Y, .

Kax m3BecTHO, ¢ TOMOIIBI0 MATPUIIBI MEPEXOIA OT OJHOTO Oaszmca K Ipyromy - 06o-
3HAYUM 5Ty Marpuiy 4depe3 C - BeKTOphl - croions Y = (Y1,Y,,...,Y,) n X cBasa-
HBI cooTHomenueM Y = CX. 3amerum, uro C - opTOroHaJbHAs MaTpPUIA, U TOITOMY
Y ~ N(CL,c*I).

CrnenoBaTeibHO, CilyuaiifHblie BeJMUWHBI Y, Ys,..., Y, HE3aBUCUMBI, DPaCIpPENesIEHBI
HOPMAaJIbHO U UMEIOT OfHY U Ty e JAUCIEePCHIo 02,

3amMeTum, 4TO

projr, X =Yifi+...+ Y fr,

pTOjLzX = K‘l'i'lfl +...+ Y;”1+7”2f7”1+7”27

7 T.1.
13 sTux npencrasaennit njasa projr, X,¢ =1,2,...,n 1 OTMEYEHHBIX CBOMCTB ciaydaii-
HBIX BEJIMYVH Y7,Ys,. .. ciaenyer yreepxaeHue (a).

Hna nokasaresbcTBa (b) 3aMeTnM, 9TO

proju, XI? =Y +... + Y7 =

1 1 1
o (SN + CY 4o+ (DY) = 0% A)
o o o
ubo (£Y1)2,..., (1Y;,)?- cyTh HesaBuCHMBlE CJTydaitHble BeJMIuHEL, ¢ obmelt qucnepcenei.
[TapaMeTp HENEHTPAJLHOCTH - 3TO KBAJAPAT JJINHB MATEMATHYECKOTO OXKUIAHUS BEK-
TOpa
1 T
- (Y1,Ys,...,Y:)
o
Ilo ckazaHHOMY BHIIIE,
1

1 .
E|=(Y,Ys,....,Y.)"| = Zprojp, EX
ag ag

Jlemma 4.2 nokasana. O
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5 JIuHeltHada MoOIeJb

Bepuemca k jmneitro#t mogesm X ~ N(I,02I), npuaem | € L, tne L - 3apano.
s oleHNBaHUA 02 PACCMOTPUM BTOPYIO COCTABJIAIONIYIO JOCTATOYHON! CTATHCTUKM:
caydaitayto Bemmanny |projn X |2
Corsacuo Jlemwme 4.2,
projpa X = o®x*(n—r1,A)

roe n — r = dimL* = n — dimL. [lapamMeTp HeneHTpaabHOCTH A 37ech PaBeH
1
A= —2|p7"ojL¢X|2 =0,
o

n6o EX € L no ycaoBuam monesu, Tak uto projrr EX = 0.
[Tockosbky Ex?(m) = m, Hantyqmeil HeCMEIMEHHON ONERKO# mapamMeTpa o2 CJIyKuT

1 _ 1 .
——|proj X |? = ——|X — proj. X|*.
n—r n—r

[Tocnennee BhIpaxkeHue A projr. X 3adacTyio ObiBaeT ynoOHee (0COGEHHO KOTIA
TIOANPOCTPAHCTBO L 3a1aH0 cBOMM 6asncom).

OtMmernm Takxke, 4To B cuay Jlemmbr 4.2, ctatuctudecku projr, X u projr. X - Hesa-
BUCUMBI (KaK CJIydYailHble BEKTODHI).

3ameuanne o Beruncaenun projr X u projpX.

ITo ompenenenuio, mpoeknmeit Toukm (BekTopa) X Ha MHOXKECTBO L HA3BIBAIOT TAKYIO
TOYKY MHOXeCTBa L, Ha KOTOPO#t TOCTUTaeTCA MUHUMYM PacCCTOAHUS:

. L . _ _ . _ 2
progLX.—argIZrlelE|X Z| argrzrlelE|X Z|

n
proji X (= arg IZIIEIE E(XZ — Zi)2

ITocsienree paBeHCTBO OOBbACHAET Ha3BAHME OIEHOK B 3TOH 3a/1aue: ONEHKN HAMMEHb-
MIMX KBAAPATOB (KakK M BCETO METOMIA: METO[ HAMMEHBIINX KBAIPATOB).
OTMeTuM Taxkxke, 4TO

n

min Y (X; — Z;)? = |projp X|* = | X — projp. X |?
Zel =

6 IIpocroii npumMmep JIMHEHWHON rayCcCOBCKOM MOIEJIN.

[IpocToit mpuMep rayccoBCcKoit Momesn - BHIOGOPKA W3 HOPMAaJTbHOTO 3akoHa N (a, 02):
X = (X, Xy,...,X)", tneX; ~ N(a,o?I)

[Ipu atom X ~ N(l,02I), tne | = a(1,1,...,1)T.
Takum 06pazoM, TOATPOCTPAHCTBO L 30€Ch OMHOMEPHOE; OTIEHUBALA [, MbI, TEM CAMbBIM,
OIIEHNBAEM (.

— n
Hawsyqamme HecMemennbie onenkn a n 02 cyth X = = 3 X;u 2 = 15 3 (X; — X)2.
i=1

n
_ i=1
Ora xe mapa (X, s?) u cayxur mocrarounoit crarnctukoit na (a,c?).

Cratuctuku X u s? - mesasucumvel, X ~ N(a, %02);

(n —1)s* =o0?x*(n—1)
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7 @akTopHbIe MonesH ((PAKTOPHBIE 9KCIIEPUMEHTHI).

B 2TuX 3KCHEpUMEHTaX omkAuk (PETUCTPUPYEMbIN PE3YJIbTAT OIBITA), TOYHEE - €TO HE-
cJyvaiiHadA, 3aKOHOMepHas 4YacTh, €CTh Pe3yJbTaT AeifiCTBUA OJHOTO WM HECKOJIbKUX
M3BECTHBIX (axmopos.

Peructpupyembiit pe3yibTaT ONMBITa MOXKET OTJINYATHLCA OT OXKMIAEeMOTO OJiarogaps
TPUCYTCTBUIO Caydaiinoit omubku.

8 OnHodakTOopHasE rayCCOBCKAdA MOIEJIb.

Hexkwuit paxTop MOXKET TPUHUMATH HECKOJIbKO PA3JIMYHbIX 3HAYEHNH, HA3KIBAEMBIX YPOB-
aavm: A, Ay, ..., A,. Tlpm xaxnom sHauenmn A;, 7 = 1,7 OpOM3BOOMTCA HECKOJIBKO
(ckaxeM 7;) HE3ABUCHMBIX ONIBITOB. VIX pesysibTarhl 0603HaumM depes X;;, ¢ = 1,n; - 910
HOMED OTBITa B CEPUN j, j = 1,7 - Cepus j COOTBETCTBYET YPOBHIO A;.

Cratuctnyeckad MoJieJIb:

Tij =a;+ei5,  J=1,7,

Tae ai,as,...,0, - HeKne 4dncia (0OBIYHO HEM3BECTHBIE SKCIEPUMEHTATODY), £;j- CYTh
He3aBUCHUMbIE CJIydaitHbie BenduHb (7 omubku” ).

B rayccoBcKoi#t MOIen IONOJHUTENIBHO Tpenosaraercs, 9to &;; ~ N(0,0?); mapa-
MeTp o (MacmTab CaydYalHbIX OTKJIOHEHUH) OOBIYHO HEM3BECTEH.

[Ipencrasyienne omHOMAKTOPHOI Momem B KaHoHWIecKoMm Bune X ~ N(I,0%1) ode-
BuIHO. B kKadecTBe X MOXKHO B3ATh CTOJIGEN (Pa3MEPHOCTH 1y +7g++ - - + 7y ), B KOTOPOM
TOCJIENOBATEILHO 3aTMCAHBI 3JIEMEHTHI BCEX T BBIGOPOK:

_ T
X = (:E117:E217 sy T 15 X112, X225 - - -5 T2y - )

JIuneitnoe mogmpocTpancTBo L (koropomy npuHaniexutr FX), HOpOXKIEHO T BEKTO-

paMM BHIa:
(1,...,1,0,...,0)T

N——
n1
0,...,0,1,...,1,0,...,0)" u ..
S—— —
n1 n
Onenkn mapamMeTpos a., a2, ..., ¥ 02 MBI IOJTyYlM B 5TO# Mofie/ 1, IpUMeHdAs o0mue
nj N
PesyJIbTaThl. 3MIECh: a; = Z Zy ana ) =1,7;

r

§'= 5 szm
z_:( _7 1i=1

Cratuctuku a¥, al, . ..,ar, s* - HE3ABACHMBI.
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9 AnnuruBHasg nByXdakKTopHass MOOEJIb

K nByx (m 6osee) daxTOpHON MOmEM NPUXOOUTCA TPUOETATh, KOTJa KPOME TJIABHOTO
daxTopa A mpUXOOUTCH YINTHIBATH A€fCTBHUE €lle OJHOTO (MJIM HECKOJIBKUX) (DAKTOPOB.
[TycTb, kak BbIME, Ay, Ay, ..., A, - cyTb ypoBHHE (dakTopa A.

QaxTop B mpuaumaeT ypoBHu By, B,, ..., B;.

[LnaHBl 9KCTIEpUMEHTa B 3TOI cxeMe MOTYT OBITh 60Jiee pasHOOOpa3HbI, 4YeM B (ax-
TopHO#t Momesiu. B mamHOM ciydae, TJIaH OMBITA YKa3bhIBAET, KAKOE KOJMYECTBO HE3a-
BUCHMBIX TIOBTODEHWil 1;; HANO mpousBecTH Ny KomOmnammn A; w B; i = 1,rj = 1,s
ypoBHeit pakTopoB A u B.

Han6osiee mpocroit n nonysigapusiit mian: n;; = 1. (CnennaspHoe BhIpaxkeHne: ”omHO
HabJio1eHne B KjeTKe” ).

PesybTaThl OMBITA MOXKHO 3amucaTh TabauIelt

A\B B, | | B | | B,
Ay Z11 T4 Tis
Ai i | | Ty || Tis
Ar Tr1 Lyj Lys

Craructnueckas MofeJib (aNINTUBHASA):

Tij = a; +bj + e, i =1,7,j =1,

3nmech a;, bj NCTOJIKOBBIBAIOTCA KaK Pe3ysbTarhl aeifctsua daxtopoB A m B, Haxo-
nAmmxcd Ha ypoBHaX A; u Bj. Monesnp oTpaxkaeTr OpeICTaBI€HNAE O TOM, 9TO (PaKTOPHI
NeACTBYIOT Ha OTKJIMK, HE B3aNMONEHCTBYs APYT C IPYTOM, M YTO UX BO3NEHCTBUA CYyMMUD
yioTcd. BenmumHbl €;; NCTOJKOBBIBAIOTCA KK HE3aBUCHMBIE CJIydaiiHble ONMOKH.

Ecsin MBI nipennosiaraeM, 9to £;; ~ N(0,02), Momesip HasBIBAOT 2ayccosckoti (XoTs
ABTOD 3TOTO CTATHCTUYECKOTO HampasJjennsa oTHIONs He K.@. Tayce, a P. @umep).

B npuBeneHHOM BHINIE NPEICTABICHHN AJIATHBHON nBYX(akTOpHO! Momesn mapa-
MeTpHI (a;,b;) He WueHTHUIUPYEMBI: Ha)ke eciau OmuOKM OTCyTCTBYIOT (g6 = 0), mo
pesyabTaTaM OmbITa (B JAHHOM CJIydae IO CyMMaM a; + b;) HeJb3d OJHO3HAYHO BOCC
TAHOBUTDb BEJINYUHBI @;, b;.

EcTh nBE BO3MOXHOCTH TIPEOIOJETh 3TO 3aTPYIHEHNE:

e CTaBuTh BOIIPDOCHI M eJiaTh BBIBOObI TOJIBKO O TaKHX CbYHKIlI/IHX ImapaMeTpoB, KO-
TOpPbIEC ONIPEOC/IAI0TCA OOHO3HAYHO.

K TaxmMm oTHOCATCA, HaIpUMep, TONapHbIe Pe3YJbTATH a; — y, b; — by M UX KOM-
OMHAIINN.

e Ho, mo Moemy MHeHWI0, TPEONOYTUTEbHENN BTOPOt MyTh: WHaAA MapaMeTpU3aIUd
momesn. IIpencraBmM oxmaemoe 3HaUeHHe OTKJIMKA (paHee 3T0 6bLI0 a; + b;) B
BUIE:

Ezy=p+ai+p,i=1rj=1s
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TOTOJTHATEIBHO HAJIOKWUB Ha TapaMeTpsl («;, §;) cB43m:
T 8
2.0 =03 ;=0
i=1 j=1

C yuerom cBd3eit, mapaMeTpsl U, 4, - - -, Qp, 31, . - . , Bs OTHOZHAYHO BOCCTAHABJINBA-
I0TCA TI0 MaTpune ||u + «; + G;l|.

B nByxdakTopHO# anmnTuBHO# Momesm (Kak M B OQHOMDAKTOPHOI) pe3yJibTarhl Ha-
OJII0eHN# MOXKHO TPENCTABUTH B BUIE BEKTOPA-CTOJIOIA.
YnoGHee, BIpodeM, COXPAHATD IJ1d (Z;;) €CTECTBEHHYIO CTPYKTYPY MATPHIb (IPAMO-
YTOJIbHOI, pasMepa r X ).
UTak, mycTh Tenepb:
X = oy = T7,j = T3]

Marpunbl (hpUKCUPOBAHHOTO pazMepa 06pasyioT JimHelHoe mommpocTpancTBo. [lomd-
npoctpancTBO L, koropomy mpmHanigexutr FEX, mmeer pasmepHocTth 1 + s — 1. Ono
TIOPOXKJIEHO T + § Marpunamu (pasmepa r X s). Kaxmas w3 Takux MaTpui uMeer Jmbo
CTPOKY, OO CTOJOEIN W3 €Iy HWI[; TMPOYNe WX TMapaMeTphl paBHBI HyJ0. CHMMeTpum
panu, (1 He W3MeHAsA L) K NMepeynceHHbBIM MaTPHUIAM MOXKHO TPUCOETWHUTH MATDUILY,
CILJIONTh COCTOAMIYIO W3 €IWHWII.

OmneHkn mapamMeTpoB f4, ¢, [ TOJIyYaIOT, TPOENUPYIO CaAydaitHbIit BekTop X Ha TOMI-
MPOCTPAHCTBO L, T.e. TO MeTOHy HamMeHBLIMUX KBaJIpaToB. llHawue roBopd, pemad sKc-
TPeMaJIbHYIO 3aJ1a4y:

33 (@i — p— i — B;)* — min(u, &, 5)

i=1j5=1

&:;aizo,ﬁzgﬂjzo
1= J=

OTBeT MOXHO 3ammcaTh B KOMIAKTHOH (opMme, ecin ynoTpebuThb (IMIpOKOo TPUHATYIO)

CHMBOJIUKY:
1

1 r 1 s T 8
T.j= ;sz’j,% - sziﬁ‘”~ = 20T
i=1 Jj=1

TS i1j=1

(Touka 3ameImaer WHIEKC, IO KOTOPOMY TIPOM3BEIEHO OCDEIHEHNE OTKJINKA).
B stux 0603HaUYEHNAX HAWIYUIINE HECMEIEHHBIE OIEHKN TapaMeTPOB CyTh:

Q;

ﬂi =T; —T.,

s> = éé(zw — zi- — zj. +3.)°/(r — 1)(s = 1).
IIpm s3Tom
(r —1)(s—1)s* = a®x*((r — 1), (s — 1)).
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VkaszaHHbLIE BBHIIIE OIICHKMW MOXHO IIOJIYYUTH KaK IIPAMBIM pPEIICeHUEeM HpI/IBe)IeHHOﬁ
paHee SKCHepI/IMeHTaJIbHOﬁ 3alla4d¥, TaK 1 Ha OCHOBE TOXKOECTBa:

XT:XS:(%‘ —pu—oi— ) =

i=1j5=1

XT: Xs: [(IEZ] —zio—z + 1)+ (3 — T+ )+ (2 — 2. — B)° + (3. — ,u)2]

i=1 j=1

ecJn da;=0,> 6;=0.
i=1 j=1

10 JIuneiHasi perpeccusi

B simHeitHO# Mo#einm BHIYUC/IEHWE HAWIYYNTNX HECMEIMIEHHBIX ONEHOK CBOINUTCH K BHIYH-
CJIEHUIO TPOEKINN BekTopa X Ha 3aJaHHOe JimHeltHoe mommpocTpacTBo L. Xon BHIYH-
cJieHnmii 3aBUCKUT OT TOTO, KAaKUM 00pa3oM 3aaaHo (onncano) noanpocrpanctso L. Ceiiuac
MbI PACCMOTPHUM YacThilt Ha MpaKTUKe caydait, Korna L TOpoXIeHO 3aIaHHBIM HAbOPOM
BeKTOpOB. Paam onpenejieHHOCTH, OyI€M TOBOPUTH O JIMHEHHOR Mo#e/im B ee KaHOHWYE-
ckoit popme, Korma BekTop HabaoneHuit X u ero oxummaemoe 3Hadenme | = EX - 310
N-MEPHBIE BEKTOPHI-CTOOIIHI.

ITycrs BekTopsl (cTonbupl) Fy, Fy,. .., F, nopoxmaoT noampocTpancTBo L. Dra co-
BOKYTIHOCTb BEKTOPOB MOXKET ObITb KaK JIMHelHo-He3aBucumoii (6asuc L), Tak u HeT.

Tak xak [ € L, 10

l:01F1+02F2+"'+0TFT

PN HeKOTOphIX Koadpdumuentax 0;,60,,...,0, € R'. Oto npencrasjenne | MOXHO 3ali-
carb B MaTpuuHOi dopme. s sroro BBenem marpuny F' (pasvepa n X r), cronbuavu
KOTOpO#t cayxar BeKTOpH F, Fy, ..., F;:

F:=||FF---F
Onpenesnm r-MepHBIt BEKTOD - cTOJI0€1 §, TTOJI0XKUB
0= (01,0,,...,0.)7
Tenepb BeKTOp | MOXHO IPEICTABUTH KOPOYE:
[=F0
Vcxonnas JmHeiiHas MOIe/Ib IPeICTaBIMa B BUJIE
X=F0+¢

rie € = (61,€2,...,6n)] ~ N(0,0%), § € R", marpunia F 3anana. Jluneitnyio Monesb B
Takoit hopMe 4acTo Ha3BIBAIOT PErPECCHOHHON MOIEsbio (3a1a4eil uHeitHO# perpeccun).

B perpeccuonHoit MO/Ie M TOCTATOYHO ONEHUTb BEKTOP mapameTpoB f. [Ipoekmmio X
Ha TIOOIPOCTPAHCTBO L Temeph MOXHO HAlTH, PENIMB SKCTPEMAJIBHYIO 33039y

|X — F)> — min
OcRrr
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719 9TOTO TOCTATOYHO CHAYAJIA HAWTH TpaaueHT (DyHKIINHN
Q) :== |X — FO> = (X — FO)(X — Fo)T

a, 3aTeM, TIPUPOBHAB €ro K HYJ0, HaltiTu Touky mMmHUMyMa dyHKuu §. YcaoBumcd
0

CYUTATH OMEPATOP YACTHOTO OUdDHEPEHINPOBAHNA —- CTPOKOii:

26
o_(o o0 0
96~ \ 90, 06,”" " 06,

QO+ do) = Q(6) + Z—nge + o(d).

IIpm TaxoM coryiameHnn

Hautee,
Q0+df) = [X — F(0 + dﬁ)]T (X — F(0+df)| = Q(G)—(X—FG)TFdG—i-(FdQ)T(X—FG)—i-o(dG).

Orcroga caenyer, 4To
oQ
o0

[Io oTHOMIEHNIO K HEM3BECTHOMY BEKTODY f 9TO IaeT ypaBHEHUE

2(X — FO)'F.

FT = (FTF)#

D10 ypaBHEHNE BCETIa MMeeT pelenue (TI0 CMbICIY UCXOIHOM 3a0aun). DTo pemenne
€IMHCTBEHHO TOTHA W TOJIBKO TOT[a, Korma cucteMa Fy, Fy, ..., F, - nuHeltHO He3aBUCH-
Mmad. B sTtom (1/1 TOJILKO B STOM) caydae marpuna F' TE HEBBIpOXeHa. B aToMm ciydae

0= (FTF)"'FTX.
IIpm s3Tom A
projr.X = F§ = F(FTF)'FTX.
MoxHO yKas3aTh U CBOHCTBa f xax oreHku 0
0~ N@B,o*(FTF)™)
Onenxkoit (HeCMeH];eHHOﬁ, Halxmqueﬁ) o2 CIIYXKUT

1 ~
s> = | X — FOP.
n—r

Crarnctukn 0 1 s? - HE3ABUCHMBIL.

OTMETHM, 9TO BHMACJIEHHE § 3HAUMTESHHO YIPOMAETCH, €CJM GA3UC TONIPOCTPAH-
ctBa L BRIOpaH OPTOTOHAJIBHBIM.

B stom caygae marpuna F7 F - nmaroHabHAL.

BaxHBIM JOCTOMHCTBOM OPTOTOHAJIBHOTO HA3MCA CJYKUT TAKKE CTATUCTAYECKAS He-
3aBHCUMOCTD OIEHOK 01,05 . . ., §,. DTo 0BJIErdaeT NHTEPIPETALNIO PE3y IbTATOB.
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JIekiuga 8

1 HoBeputresbHOe (MHTEPBAJIHLHOE) OLEHUBAHUE

3HAKOMCTBO C OTEHWBAHWEM 3aBEPIIAM DPACCKA30M O JOBEPHTEJbHBIX TPAHUIAX, JTOBE-
PUTEbHBIX WHTEPBAJIAX U JOBEPUTEIBHBIX 06IACTAX 1 ONeHNBaeMbIX napaMeTpos. C
NPUKJIAIHON TOYKM 3PEHUdA, CTATUCTUYECKAsA ONEHKA - HTO CTATHCTUYECKOE TPUOJINKe-
HHUE K HEW3BECTHOMY MAapaMeTpy Wu ero (pyHKIWH, 3TO €ro NpuOIMAKEeHHOe 3HAYEHHUE,
TOJIy9€HHOE W3 OmbITa. J[0 CHX TIOpP MBI CTPEMUJIACH K TOMY, YTOOBI, yTEM CTATUCTHIE-
cKoOit 00paboTKM, MOJTYYNTh KaK MOXKHO 0oJiee TouHOoe mpubsmxkenune. OmgHako cmocoba
M3MEPHUTH CaMO€ TOYHOCTh NPUOJIMKEHNA y HAC He OBLIO.

Mexy Te€M, TOYHOCTH NPUOJIMKEHAA - 3TO OOIMEHAYYHOE TIOHATHE, TAK XK€, KaK |
crocob ee KOJTMYECTBEHHOTO BhHIpaXKeHWsA. Besakwmit pas, Korma TOYHOE 3HAYEHHE KAKOMU-
Jn6O BEJIMYMHBI MBI 3aMeIaeM TIPUOJINKEHHBIM 3HAYEHNEM, HaM CJIELyeT COTPOBOXIATh
TAKy10 3aMEHY TaKXe W COOOIEHNe M O TOYHOCTH 3TOTO TPHOJIMKEHHUS.

K npumepy, 288 npubsmsurenpao pasuo 300; HO Takxke 288 mpubim3uTesIbHO PABHO
290. OmHAKO TOYHOCTH TUX NPHOIMKeHnit pasimdna. Tak, B I€PBOM CJIy4ae, TOIHOCTD
npubJmKeHud He HuXe 15, a Bo BropoM - Menbine 5: [288 — 300| < 15 u 288 — 290| < 5.

B 3amauax CTaATUCTHYECKOTO ONEHUBAHASA MBI TIOJTy9ae€M aHAJOTHIHOE TTPUO/IMXKEHHOe
pasercTBo O(X) = . (JTu6o §(X) = ¢(h), ecim MbI onenmBaem BYHKIMIO OT TapaMe-
Tpa). 31ech § - HEM3BECTHOE UCTUHHOE 3HadYeHWe mapameTrpa, hatf(X) - ero ornenka mo
nHabmonennio X. J1s CTaTMCTHYECKOTO NMPHO/IMKEHUs, KaK MPaBUJIO, HE CYIECTBYET
TapaHTUPOBAHHON TOYHOCTH: HET Takoro € > (), 1 KOTOPOTO Obl JOCTOBEPHO BHITIOJIHSA-
n10ck coorHomenne |§(X)—6| < €. Mbl MOXKeM TOBOPHTH JIUIIL O BEPOATHOCTIH, ¢ KOTOPO#
BBITIOJTHAETCH HTO HEPABEHCTBO. ECJm 5Ta BEPOATHOCTH 6J1M3Ka K 1, MOXKHO TOBODHTH,
9TO CTATUCTHIECKAs MOTPEITHOCTh B ONPEIEJIEHAN § He TPEBOCXOINT E.

B sTnx mpuMepax 11 HEM3BECTHOW BEJIMYMHBI @ MBI YKa3bIBAE€M €€ TPUO/IMXKEHHOe
3HAYEHWe T, MPUYeM |z — a| < € mia HekoToporo omnpenesernHoro £ > 0. 3mech € -
rapaHTUPOBAHHAS TOYHOCTH TPUOJIMKEHAA T & Q.

PaccMoTprM Ha TpuMepe HOPMAaJIbHOM BHIOOPKH, KaK PEaM3yIOTCs 3TN COOOpaKeHns

IlycTs Z1, .. ., T, CyTh HE3ABUCHMBIE H3MEPEHNA HEKOTOPO BEJTMYMHBI @, TPUIEM T; ~
J— 1 &
N(a,0%) nna i = 1,n. Ouenkoil 1A @ MOXKET CJIyXHUTb T = — Y 7;, Tak 4T0 T = a. Kak

i=1
MOXKHO CYJINTh O TOYHOCTH 3TOTO MPUOJIMKEHNs, TO eCTh 0 |T—a|? C Kakoii BEpOATHOCTHIO
N1 JAHHOTO € > () BHIMOTHAETCA HEPABEHCTBO |T — a| < €7 Kaxmm Ha/I0 B34TH €, 4TOOHI

BEPOATHOCTh 3TOTO HepaBeHcTBa ObL1a 661 0.957 Wawm 0.997 U T.4. ~
Z—a

o~y

[Tycth, nUid HadYasa, o2 W3BEeCTHO. PacCMOTPUM CJydalHYIO BeJIWYnH n
? ?

N(0,1). Bamaamvcs kakoii-imbo (06er9HO GM3KOR K 1) BEpOATHOCTHIO, I ya00CTBA,
obosHaunMB ee depes 1 — 2. 3mech « 3amaHo, 0 < a < % [Iyctb 2;_, ObOO3HAUAET
(1 — @)-XBaHTWJIb CTAHIAPTHOTO HOPMAJILHOTO DACTpenesieHnsa. VIHBIMU CII0BaMH, 21_q
yaoBjersopser ypasueanio P(z;_,) = 1 — @, rtoe ®(-) - dbyHKIUA CTAaHIAPTHOTO HOP-
MAaJILHOT O pachpenesienns, win ¢Gynkuna Jlamiaca.

BBuny cuMmeTpnu (OTHOCUTENIBHO HYJIS) 21_oq = —Zq, THE P(2,) = .
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I—a

[Toaromy nns /n CTIPaBENJINBO YTBEPKIEHNE

(+)(1.1) PV < 2o} =120
(1.2) P{i—d| < ——z_o}=1-2a

NG

Utak, ¢c BepoaTHOCTHIO 1 — 2(x TOYHOCTh MPUOJNKEHNA T R ¢ HE XyKe, YeM T
n

CooTromenne (*) MoxHO mpeobpa3oBaTh JaJjee, U HANMCATD, YTO

(1.3) P{i— i a<a<Z+-——z_o}=1-20

Vn Vn

MnTepBast (corydaitusrii)

(1.4) (F— 210, T+ ——21_4)

vn v
CONEPKUT HEM3BECTHOE ¢ (IACTO TOBOPAT - ”HAKPHIBAET” HEM3BECTHOE () C BEPOATHOCTHIO
1 - 2¢.

DTy BEpPOATHOCTH 1 — 2¢x HA3KIBAIOT dogepumenvroti eepoamHocmvio (MHOTHA - K0adh-
dbunmenTom noBepus), a YIOMAHYTHIH CyYIaliHbIi MHTEPBAJ - JOBEPUMEALHBIM UHMED-
8GA0M.

Ha mpakTuke He cjlenyeT oTpaHMYMBATLCA OOHOHN Kakoi-ambo moBepuTeabHON BEpO-
ATHOCTBHIO M OJHUM JOBEPUTETHHBIM NHTEPBAJIOM. UTOOH JIydllle TepenaTh, KaK CBA3AHBI
Z M a, CJenyeT BHIYUCJUTD JTOBEPUTETHHBIE MHTEPBAJIHI I/ HECKOJIPKUX HOBEPUTETHHBIX
BepoaTHocTel, ckax em, miaa 0.50, 0.90, 0.95 n 0.99. Yeprex, Ha KOTOPOM BBIJIEJIEHBI
BTHW JIOBEPUTEJIbHbIE MHTEPBAJIBI, TaeT HAM HATJIAOHOE TPENCTaBJIEeHNEe O TOYHOCTH CTa-
TUCTHYECKOTO TPUOJINKEHNA T = G.

OTMeTnM HEKOTOpbhIE OUEBUIHBIE, HO BaXKHbIE CBOMCTBA MOJTYYEHHBIX TOBEPUTEIbHBIX
WHTEPBAJIOB.

e DTHU WHTEPBAJIBI TEM JIyUIle, YeM OOJIbIIE J.

B mamem mpuMmepe o2 - Auclepcus OMMOKYM TIPU M3MepeHHu a. SICHO, uTo deM
00JIbIITE HTA TUCTIEPCUdA, TEM HUXKE M TOYHOCTb CTATUCTUYECKOTO BBHIBOIA.

e UlntepBasbl TeM mupe, 4eM OOJbINE Z|_,, KOTOPad, B CBOIO OYepelh, BO3PACTAET
npu npubsmxennn 1 —a x 1. (V1 cKOpocTh pocTa TeM BhIIIe, 9eM OJIMKE (¢ K HYJIIO).

DTO CBOHCTBO TOXE JIETKO OOBACHUMO: 4YeM Bhime TpebOBaHUA K JIOCTOBEPHOCTH
CyXJIeHWd, TeM MeHee CONEPKATETHHO U MH(MOPMATUBHO CAMOE 3TO CyXKIEHNE.

e Haxkonen, Ha TOYHOCTH MPUOJMXKEHUA T & ¢ BJAUAET YUCJO HAOTIOOEHUit n: dem
OoJIbIIE N, TEM YK€ JOBEPUTEJbHbIIt MHTEDPBAJI, T.€. TEM BBIIIE TOYHOCT.

3ameTnM, OIHAKO, YTO JJIMHA JOBEPUTEIHHOTO HHTEPBAJIA TIPONIOPINOHATBHA 1/4/7.
Tak 4TO ecaam MBI XOTUM TOBBICUTH CTATUCTUYECKYIO TOYHOCTH BIBOE, HAM TPHUIET-
CA YBEJIMYNTH KOJIMYECTBO HE3ABUCUMBIX M3MepeHuit BaeTBepo. (A ecom B 10 pas,
to - B 100). IIpuTom, Bce 9T n3MepeHnd HAJIO TPOBOIUTh B HEM3MEHHBIX YCIOBULAX.
Ha npakTuke 60JibIIe BHIOOPKN BCTPEYAIOTCA HE YaCTO.
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2 Pacnpenenenne CTbhiomeHTa

[Ipenpioynme pesyabTaThl BEPHBI, HO OECTOJIE3HbI, KOTIA ¢ HE W3BECTHO, YTO Yallle BCETO
Ha MPaKTHUKE W OBIBAET.

EcTecTBeHHas MBIC/Tb: 3aMeCTHUTh HEM3BECTHOE 0 ero OlleHKoil s, Tre s% =

T)?, ¥ PacCMOTPETh CITyJaitHyI0 BeTMInHY

I—a

(2.1) t=+vn

Ee naswiBator omnowenuem Cmuorodenma (Student’s ratio - cThroneHTOBa IPO6H, CTHIO-
NEHTOBO OTHOMIEHNE). Jlerko BumeTh, uTo pacnpeneserne (2.1) He 3aBUCAT OT HEM3BECT-
HBIX TAPAMETPOB HOPMAJTLHOM BRIGOPKH (@, 0?) M COBNANAET ¢ PACTIPENESIEHNEM OTHOMIE-

HIs CTaHIAPTHON HopMautbHO# Besmanmust N (0.1) k caaydaitnoit Bemmunne 4/ —L-x2(n — 1),

NPUYEM HTH CJIydaiiHble BEJIMINHBI HE3ABACHMBI (CM. JIEKIHIO - O PACTIPEIEICHAN T, 52).
Pacnipenesienne caydaitnoit Besimunnst (2.1) HaswBaoT pacnpedesenuem Cmuvrodenma,
¢ (n — 1) cmenenamu c60600bL.
[IpuBenem obitee ompenejeHne.

Onpenenenmne: I[lycts &, &1, ...,&, (M - HATYpasbHOE) CYTh HE3aBUCHMBIE CTAHIADT-
Hble TAyCCOBCKME CJyuaiinbie Besmunubl (T.e. &y, &1, ...,&n ~ N(0.1)). Cmovrwoden-
moeckum omuoweruem (cmorodenmosckoli dpobvio) HA3BIBAIOT CJYYailH VIO BEJIH-
YUHY

§o+ 1
VaE+-+e)

(2.2) t=t(m,p) =

rne p € R! - npoussosbHOE 9MCIO.

Pacnipenesnienue ciyuaitnoit Besmaunsbl £(m, (1) Ha3BIBAIOT pacnpedesenuem Cmuro-
denma; 9UCJ0 M HABBIBAIOT YUCAOM cmenenet ceobodvl, a YUCIIO [ - NAPAMEMPOM
Heyewmpaavrocmuy pactupenesieana CThIOIEHTA.

Ecomm p = 0,pacnipenesnenve ciaydvaiinoit Besmunust t(m) = t(m, () Ha3BIBAIOT yeH-
mpasvroim pacnpedesenuem Cmorodenma. ITOT 3MUTET OOBIYHO OMYCKAIOT, U Pac-
npenesienne t(m) Ha3BIBAIOT NPOCTO pacupenesenneM CThogeHTa (C M CTeneHAME
cBOGOIIBI).

Pacnpenesnenne CThionenTa (EHTpaJIbHOE) CHAGKEHO Pa3HOOOPA3HBIMY U TIOIPOOHBI-
mu tabaunavu. Ectb, B 9acTHOCTH, Tabsnsl KBanTH IEH. [[aKeTh CTATHCTAYECKAX TPO-
TpaMM COIEepKAT KOMAHIBI, TIO3BOJIAIONINE MOy YUTh BCKO HEOOXOMIMYI0 MHMOPMATIAIO O
pacupenesennu t(m).

DOyHKINA IJIOTHOCTH BEPOATHOCTH 11 t(m) u £(1m, 1) M3BeCTHHI (MX MOXHO HAilTH B
CTIPABOYHMKAX). VX aHAJIMTHIECKUMU BHIDAXKEHUAME MBI TI0JIb30BAaThCA He Oymem. [lis
nHdopManny, npuseny GopMysTy MIOTHOCTH g t(m):

(2.3) %mu + %2)—"‘7“
\/T_n’B(§7 5)
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3 (2.3), a Taxxke n u3 (2.2) caenyer, uto (npn m = 1) pacnpenesnenne CTbioeHTa €
ONIHO#t cTemeHbI0 CBOOOIBI COBNAMAET C paclpeneaenneM Komrm.
OrMmernM BaxHOe OJ1d HaJjbHeliniero cBoictBo pacnpenesenntt CThbionenTa:

TP KazXKJIOM 11 ceMeicTBO £(1m, [41) CTOXaCTUYeCK! YIOPAIOUYEHO (CTOXacThYe-

CKM MOHOTOHHO BO3PACTAET) OTHOCUTESBHO [, DTO 03HAYAET, YTO JJId JIOOOTO
1

€ R

(2.4) P(t(m, ) > z) < P(t(m, u2) > ),
ecan L1 < o

Hoxasameavcmeo
IlokazaTebCTBO TMOYTH OYEBUIIHO:
3 (2.2) cnenyer, 9To

P(t(m, i) > 2) = P(6y+ > 21/~ x2(m)) =
= BP(&o+ 1 > 2/ayx2(m)

I 3aBepIIeRns JOKa3aTeIbCTBa OCTAeTCA 3aMeTHThb, 9T0 [Id J1oboro z € R
P&+ 1 > 2) < P(& + pe > 2),

ecan py < g, & ~ N(0,1). O

Bepuemca kK mocTaBjieHHO# 3a1ade: MOCTPOEHWIO TOBEPUTEJIHHBIX WHTEPBAJIOB HJIdA
a (n1s cpemHero) mo HopMaJbHOH BhIGOpKe (mo BhIGOpKE U3 N(a,02)). Ee pemenue
Temeph MOYTH HE OTJINYAETCH OT PaCcCMaTPEHHOTO B TEPBOM MyHKTEe. EIMHCTBEHHOE,
YTO HAJ0 W3MEHNTh: BMECTO HOPMAaJIbHBIX KBAHTHUJIEH BBECTU KBAHTUJIM PACTIPENEIEHNS
CrpionenTa.

Bce xe, moBTopuM HeOOXOOMMBIE TITATH.

BribupaeM noBepuTebHYI0 BepoATHOCTh 1 — 2¢r. [lo tabumnam Haxommm (1 — «)-
KBaHTUJIb pacupenesienns CTbionenTa, ¢ (n—1) crenensamn cBo6oIb, KOTOPYIO 0603HAUNM
4epes t1_o(n — 1), T.6. pemenne ypaBHeHUd

(2.5) Pitln—1)<ti o) =1—-«

BBuny cummetpun pacnpenesiennsa CThbIOJIEHTa, MOXKEM YTBEDKIATh, YTO

(2.6) P(|\/ﬁf_a| <t1_a) =1-2a

S

[Tpeobpasys (2.6), moJiyuaeM ONEHKY TOYHOCTH [JIf TIPUOJIMKEHNd T & a:

(2.7) P <|:z —a| < %tl_a> =1-2a

W JIOBEPUTEJIbHBI MHTEPBA (C MOBEPUTEJBHON BEPOATHOCTHIO 1 — 2¢¢) A1 a:

(2.8) P {:z - %tl_a <a<i+ %tl_a} =1-2a
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Bce cnesianuble B MyHKTE 1 3aMeuaHns 0 CBONCTBAX JOBEpUTEIbHOTO MHTEpBasa (1.4),
OCTAI0TCA BepHBIMHU U 14 (2.8). PaBHO Kak M peKOMEHIANNM HE OTPAHNYNBATHCHA KAKMM-
Jinb0 OIHMM JOBEPUTETHHBIM MHTEPBAIOM (M KaKOH-In60 OMHON T0BEPUTEHHON BEPOAT-
HOCTBIO), HO BBIYMCJIATH UX HECKOJIBKO - IJI HECKOJIBKUX K03(hMDUIMEHTOB NTOBEDHS.

Tem e TpUEeMOM MOXKHO BHIBOIUTH AJId ¢ W APYTHE TOBEPHUTEJIbHBIE yTBEPKICHNS.

ITpumep: Josepumenvrvie npedesv, (TPAHUIBI CBEPXY UJIM CHU3Y ).

BuibupaeM HoBepUTEILHYIO BEpoATHOCTL 1 — . Ecomm Mb1 X0TMM mOTyunTs 1i1d a
TPaHUILy CBEPXY, 6epeM a-KBaHTWIIb t, = to(n — 1); nasa rpanunst cBepxy Gepem (1 — «)-
KBaHTWIb t1_, (3aMeTuM, 9TO U3-3a CUMMETPUHN to = —11_4).

Hanee, 3ametnM, uTo a4 (2.1) BHINOJIHAETCA COOTHOIIEHNE

S

P(ta<\/ﬁx_a)=1—a

Orcrona, MOCKOJBKY t, = —t1_q, CAEOYET, YTO
s
(2.9) P {a <Tr+ ﬁtl_a} =1-aq,

_ s
TaK 4TO T + Ttl_a - HTO BEDPXHAA [IOBEPUTEJIbHAA TPAHUIA IJId @, ¢ Ko3ddunmenTom
n

nosepud 1 — a.
_ s
Huxnasa (1 — «)-moBepuTesibHAA TPAHWIA JJIA ¢, PABHAA T — Ttl_w MOJIYyYaeTCs
n
AHAJIOTMYHO.

[lepeceuenne NBYX TOJIYYEHHBIX HOBEPUTEJIBHBIX 00JIacTell maeT MJjd ¢ yXKe W3BecT-
HBIl TOBepUTEIbHBINR WHTEpBaJ (2.8), ¢ HOBEpUTE/IBbHON BEPOATHOCTHIO 1 — 2¢v.

3 IleHTpasibHBbIE BEJIMYHUHBI

O6cynum B o6ImeM BHAE TOT IPHEM, KOTOPHI MBI IPUMEHAIA B MyHKTax 1 u 2.
Ilycts pacupenenenne Habaomenus X ONpeNe/sieTcd HEM3BECTHBIM ITapaMeTpPOM
6,0 € O©. Ilpenmosioxum, YTO CymecTByer ciydaitnas mepemennad G(X,6), G(-,-) -

n3BecTHad GpyHKIHa or X u 6, pacupenesieHnne KOTOPO# HAM M3BECTHO M HE 3aBUCUT OT
T—a

6, xorma 6 € O. (B npenpiaymeM npuMepe 3T0 GbLIO /71 ). G(X,0) nasbiBaoT yeH-

s
mpaavhotl cayuatinotl seaununot, a dame (XOTh U HE COBCEM MPABUIIBHO) - YEHMPAALHOT

cmamucmuy Kot

ITpennosioxuM Jijid MPOCTOTH, uTo pacupenesenne G (X, §) HenpepbIBHO, U, TYCTh (4,
a € (0,1) obosnauaer a-xBantuib G(X,6). Tenepw mia Beakoro § € O n a € (0,1)
CIPaBENJINBO COOTHOTIEHNE:!

(3.1) Plga < G(X,0) =1-«

(Tounee 6bL10 GBI B 3TOM paBEHCTBE YNOTpeOMTH CMMBOJI Pp njig pacmpeneseHus
BepoATHOCTEl, 3aBucanmx ot #,0 € ©. Ho, nockosbky (3.1) BbimosiHAETCA A/ BCEX
Takux f, nHAEKC #, KOTOPHIM MbI OOBIYHO COTPOBOXKIAEM CUMBOJI BepodaT HocTu P, 3mech
U Jlajiee MOXKHO ONYCTUTh, HE ONACAACh HEIOPA3yMeHwmil. )
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Pemaem HepaBeHcTBO g, < G(X,6) orHocutesibHo 6. Ilosiyumm saBucsamee or X
MHOXECTBO

(3.2) S1—a(X) :={0: 9. < G(X,0),0 € O}
HAcHo, uTo giis Beakoro § € ©
P eSS _o(X)=1-«

Tak 4To S1_o(X) - 3TO MOBepuTeHHAA 06J1ACTH 1Jid 6, C JOBEPUTENBHON BEPOATHOCTHIO
1-—c.

Ecau MBI He cobupaeMca OrpaHNYUBaATh cedsa Kakoh-ambo ogHoit moBepuTeabHOM 06J1a-
cTbio (3.2), HO MCTOJIB30BATH BCe cemeiicTo S1_4(+), @ € (0,1), Torma pasymuo motpeto-
BaTh OT NeHTpasbHOl Besmunuabl G(X, #), utobsr cemeiictBo {S1_o(X), @ € (0,1)} 6bu10
OBl MOHOTOHHBIM TI0 BJIOXKEHHIO:

ecm 0 <y <y <1, TO

(3:3) S1-01 (X) D S1-a, (X)

Korna 6 - omHOMepHBIH apamMeTp, TOCTATOYHBIM yCJoBueM s (3.3) CiIyKUT MOHO-
tornocth G(X, ) no nepemennoit § (npm xaxnom dbxcumpoBannom X ). Tounee: s
(3.3) myxHO, uyTo6bl G(X, ) MoHOTOHHO yOBIBasa 0 . B sToMm ciyuae Si_o(X) - mo-
JIymHTEpBaJ (TOYHee, 3TO mepecedeHne © ¢ MOJTYUHTEPBAJIOM); €r0 MPABbI KOHEI] - 3TO
BepxHAA (1 — «)-moBepuTesbHAA rpanuna a4 0,6 € O.

Hpyras cucreMa IOBEPUTEJbHBIX ObJacTeil BO3HUKAET n3 aHajgorndHoro (3.1) coor-
HOIIEHN S

(3.4) PG(X,0)<gia)=1—«

IleiicTBysl Kax BBINIE, T.€. Pelllas HEPABEHCTBO OTHOCUTEILHO f, mosyuum mjd 6 mo-
BEPUTEIBHYIO 00J1acTh

Ti_o(X)={0:G(X,0) < g1—a,0 € O}.

B 0roBOpEeHHOM BHINIE OJHOMEPHOM MOHOTOHHOM CJiydae MHOXeCTBO T7_,(X) - 910
nosiynpavaga (nepecedentas ¢ ©). Ee neswiit konen miga 6 naer 1 — q-noBepUTEIbHYIO
rpanniy cBepxy. [lepeceuenne obnacreit S;_(X) N 7T1_o(X) naer g 6 noBepuTEIbHYIO
061acTh (KaK TPaBUJIO, OTPAHNIEHHYIO) C JOBEPUTEIbHOM BEPOATHOCTHIO 1 — 2¢).

4 IIpubsamkeHHbIE TOBEPUTEJIbHBIE I'PAHUIIBI IJ1sI Be-
POSITHOCTH YCIIEXa B UCHBITAHUAX DbepHyJamu

B sToit 3a1a49e HET TOYHOI NTEeHTPaJIbHOW BEJIMINHBI, HO €CTh CayvaiiHad BeJIMInHA, pac-
TpeNesieHHAA AaCHMITOTHYECKN CBOGOTHO (MMeeTCd B BUJLY, YTO PACIpENeSIeHNe HE 3aBU-
CHT OT HEM3BECTHHIX TIAPAMETPOB, CBOGOTHO OT MX BJIMAHNUA).

ITyctsb 6 - Hem3BecTHasA BEPOATHOCTH yemexa, 6 € (0,1); S, - uncjio ycnexos, CiiyduB-
meecd B 7 TPOBENIEHHBIX UCTBITAaHNAX bBeprysim.
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ITo Teopeme MyaBpa - Jlamnaca, ciryyaitnasa BeTuanHa

Sp—0
"7ni>N(0,1) Ipu 1. — 00,
nf(1 —6)
Kaxk 06b19HO, MBI 3aKTI0YAEM W3 9TOW TeopeMbl, 9YTO ” AJid NOCTATOYHO OOJIBIMUX 1 1
z € R
Sp —nb
Pl <)~ O(2) — (—2)
nf(1 — 0)

[Tycrs 1 — 2« - BRIGpaHHas HAMU JOBEPUTETbHAS BEPOATHOCTh, 21_o O3HauaeT (1 —a)-
KBaHTUJIb CTAHIAPTHOTO HOPMAJILHOTO pachpenesennd, Tak 91o ®(z1_,) =1 — .
Torma

S, — nb
(4.1) P (‘77%(1 mp

< Z1_a) ~ 11— 2«

Hepasenctso B (4.1) Hamo paspemnth otHocutessho 6, 6 € (0,1). Ilocse toxme-
CTBEHHBIX TPeo0pPa30BaHMil Oy YMM [IJIs 3TOTO HEPABEHCTBA SKBUBAJIEHTHYIO (POpMy

(4.2) (Sp —nh)? —nh(1 — )z, <0

JleBas 9acTh - KBaJpaTHBI TPEXUJIEH OTHOCUTEIHHO f, mpmieM KoadduiuenTt npu
62 moJtoxuTeTe .
[TosTomy pemenne (4.2) nmeer Bux

0(Sn) < 0 < 0(Sy)
rre 0(Sy), 0(S,) - cyTh KOpHU KBaJpaTHOTO TpexdieHa B (4.2). 3mech

22 S.(n—2S,) 22
Sn =+ l—q T Zl—a\/ ( ) =+ l—q

7 2 4
0(S), () = i

Boipaxenne (4.3) naer nis 6 HOBEpUTESIbHBII MHTEPBAJ, JOBEPUTEIHHAA BEPOAT-
HOCTBH KOTOPOTO pUOJIMXKEeHHO paBHa 1 — 2q.

5 Perpeccuonnas moneJsb

MeTon TEeHTpaJIbHOW BEJWYUHBI TPUTOMEH HJIA TOTO, YTOOBI CTPOUTH HOBEPUTETHHBIE
obJlacTu Ojid TMapaMeTPOB TayCCOBCKWX JIMHEHHBIX Mopneseit. PaccMorpum perpeccmon-
HYIO0 MOHEJTh

(5.1) X =F0+e,

rie X - HabsomaeMbiit n-MeprbIt BekTOp (cTonben); § = (6,,...,0,,)T - HemsBecTHbIIk
napamerp, § € R™; F - samanHasa n X m Mmarpuna, F' = ||FY,..., F,||; Bce ee croJ6-
ust Fy, ..., F, Gyzem mpeanojarath JuHeitHO-HesaBucuMbivu; £ ~ N(0,0%1) - BexTOD

CJOydYalHBIX OMUOOK.
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Kak HaMm yxKe M3BECTHO, B 9TOi Mome/m HaMIydIIas HeCMeNeHHasd ONeHKa 6 moJtyda-
eTcsd 10 METOJIy HaMMEHBITNX KBAIPaToOB W paBHA

(5.2) 0= (FTF)"'FTX.

13 Teopun rayCcCOBCKUX JIMHEHHBIX Mofesiell (TouHee, n3 jieMMbl 06 OPTOTOHAJIBHBIX
PAa3JIOKEHNAX) BHITEKaET, uTo | X — FO|? u f cTtaTmcTiueckn HE3aBUCHMBI, TPAYEM

(5.3) X — FO)? = o%x*(n — m),
0~ N@B,0*(FTF)™)

J:LJIH HOCTpoeHI/IH IleHTpaJIbHOﬁ BEJINYMNHEI HAM HOHa)IO6I/ITbCH N3JI02KEHHAAd HUZKE JIEM-
Ma, & TaKXKe ellle OOHO CEMeNCTBO pacupeneseHnit.
JlemMma

IIycts € ~ Ny(a, A) , npuaem A~ cymecrsyer. Torna
ETATIE = X2 (p, )
r7e mapaMeTp HemenTpaabHocTn A = ol A7 la.

Hoxazameavcmeo

V3 muneliHOM aireOphl W3BECTHO, YTO KBaApaTn4dHyo dopmy ¢ maTpuneit A TuHeHbIM
HEBBIPOXKIEHHBIM MPe0OPa30BaHNEM MOXKHO TPUBECTU K KAHOHWYECKOMY BUAy. B mannom
cilyudae, peobpasoBaHHAsA MATPUIA KBaJApaTHIHOH dbopMe - equandHad (160 A > 0n A
- HEBBIPOXKIEHHAA ).

Vuade ToBOpA, CYyNIECTBYET HEBHIPOXK/IEHHAA KBaJpaTHad MATpWIla, cKaxem, B, Ta-
Kasd, 4To

BABT = 1.

3amMeTum, 4TO
A~ =B"B.

PaccmoTpuwMm coyuaitasiit BekTop 1 = BE. fAcno, uTo
n ~ Np(Ba, BABT) = N,(Ba,I).

[TosTOoMmMy
In> = x*(p, A),tneA = |Ba|? = (Ba)" Ba = a" A 'a.
C mpyroit cTOPOHBI:
n|* =n"n = (BE)TBE=€TATE.
Jlemma nokazana. O
[Tpumennm a1y JeMmy K rayccoBckomy BexkTopy (5.2). Iosyumm, uro

(5:4) (8~ 6)"(FTF)(6 — 6) = 0>x*(m)

Db - pacupenesienue
HaswiBaemoe takxke pacupenesienneM CHenekopa, pacnpenesiennem Ouiiepa, pacope-
JeJIEHNEM TUCIIEPCUOHHOTO OTHOmeHns Puimepa, u T.II.
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Onpenenenne Ilycts cayuaitibie Besimuannabl X, 1 X9 HE3aBUCUMBI W PACTPENEJIEHBI TI0
3aKOHAM XM-KBaJIpar:

Xl = X2(m17A)7X2 = X2(m270)

CayuJaitHaa BeIUYWHA,
1

X,

™
(55) F = F(ml,mQ, A) = 1

X,

mo
HasbiBaeTcd F' - omnowenuem (3¢p-oTHOIEHNEM, IUCTIEPCUOHHBIM OTHONIeHNEM -
mepa). Pacnpenesenue (5.5) HA3BIBAIOT HEUEHMPAALHBIM I -pacnpedeseruem ¢ my
M Moy CTENEHAMM CBOOOIBI M mapaMeTpoM HeneHTpaabHocTn A. Ecom A = 0, pac-
TpenejieHne HA3hIBAIOT UEHMPAALHOIM. ITUTET ~IEeHTPaJbHOe” YacTo ONyCKadAT |
TOBOPSAT TPOCTO O 3(p-pPacupenesIeHnn C 17, M 1y CTENEHAMN CBOOOIBI M O CJIy YalHO
Besmanse F'(mq, ms).

[LnotHOCTH 3d-pacnpenesieHns MOXKeM BHIBECTH U3 ompenesienus (5.5) u BUAa IOT-
HOCTH XW-KBaapaT. Mbl He OyJeM K Heil o6pamarbes, Hoaarasich Ha TO, YTO HEOOXOIUMBIE
cBenienns 06 adb-pacnpenesiennn (HAIpUMeEp, KBAHTUIIN) MOXKHO HaWTH B TabJIAnax.

Bce ke mpuBenem miaoTHoCTh F'(my, mag, 0):

my
ma 2
— my_
mo T2

my Mo m m]+mo
B(—=,2) 1+ —2) 2

gz > 0

Jlerko BuOeTh, UTO cemeilcTBO pacupenesieHnit F'(my,mg, A) CTOXaCTHYECKN yIOPH-
modeHo 1o A, npu J00BIX My 1 Mo. J{0KaskBaOT 3TOT (HakT TeM XKe cruocoboM, TO u
ynopsmoderHocTn cemeiictsa x%(m, A) mo A (m - smo6oe).

Bepremca x noBeputesibHOMY oneHmBaHmio § B Momesmn (5.1).

13 nByX He3aBHCHMBIX ciydaitbix BeswauH (5.3) n (5.4) coctaBnM 3¢d-oTHOIIEHNE

Y- o FTRYG - 0)
—LAX—FW

n—m

S

(5.6) F(m,n—m) =

BoiGpaB 10BEpUTEJIbHYIO BEPOATHOCTh 1 — (v, ¢ TIOMOIIbIO TabJINIBI KBAHTHIIEH Nj1s
F(m,n — m), naiinem (1 — a)-KBaHTHIIb, KOTOPYIO 0603HAYMM Kak Fi_,(m,n —m).
Tenepn
Lo— 0T (FTF) 6 0)
pqit—ry - < Fi_g(myn—m)r=1-—a.
——|X — F@J?

n—m

3amMeTum, 4TO
1 ~
= ——|X - FO?
n—m

8.9



- BTO HeCMeIIeHHad ONEHKa JIJId O>.
Teneps BUIHO, 9TO (1 —)-NOBEPUTETHLHOE MHOKECTBO I714 §, 3aJaHHOE HEPABEHCTBOM

(5.8) {0:(0—0)T(FTF)(0 —6) < ms®Fi_o(m,n —m)}

NIPEICTABIIAET CO00I BHYTPEHHIOK YacTh (CJIy9aitHOTO) 3JIJIMICONAA C TEHTPOM B TOUKE
f. Dra 061aCTh (BHYTPEHHOCTH 9JLIMICONIA) HAKPHIBAET Hem3BecTHOE f (Touky # € R™)
C BEPOATHOCTHIO 1 — .

MoXHO yKasaTh JOBEPUTEJIbHBIE MHTEPBAJIBI U [/ OTAEILHBIX MapaMeTpos 6;, 0 =
(01,...,0,)T. Us (5.2) cienyer, uTo Kaxaas KOOpAMHATA f; BexTopa § = (91, ey 9m)T
pacmpesiesieHa o HopMaJsbHOMy 3akoHy N (0;, 02a;;, ecom nonoxurs (FTF)™! = ||a;|.

C yuerom (5.7) (1 mesapucumoctn 0; u s2) MOXKHO YTBEPXKIATh, 4TO CIydaitHAS BeJIH-
quHA

0, — 0
84/ Q4

pacnpenesiena o Creioienty, ¢ (n — m) crenensamu cBobomabl. Vlcxona n3 3T0ro, MOXHO
CTPOUTH N §; TOBEPUTETbHBIE MHTEPBAJIBI TAK XK€, KAK MBI JIeJIaJu 3TO B TyHKTE 1.
OtmeTnm, uTo ec MaTpuna F'7 F He opTOroHa bHA, TO KOOPANHATH BEKTOPA ONEHOK
f ue mesaBncuMbl. [105TOMY He ABJIAITCA HE3ABACHMBIME I IOBEPHTEBHBIE YTBEPXKIE-
HUA 74 OTOEJbHBIX 61,...,60,,, KOTHa 3TN yTBEPXIEHN:A OCHOBBIBAIOTCA HA IEHTPAJIb-
HBIX BesimunHax (5.9). B 9ToM ciiyuae BEPOATHOCTh TOTO, YTO HECKOJIBKO JOBEPUTETHHBIX
YTBEPXKIEHNH BHITOJTHAIOTCA OJHOBPEMEHHO, HEJIb3d TOJIYUYUTh, TEPEMHOXKAA WX WHIIN-
BUIyaJbHBIE TOBEPUTEIbHBIE BepodTHOCTU. OIHOBPEMEHHbBIE TOBEPUTETbHBIE BHIBOIBI O
61,...,0, Hamo nosyyars nnade. Hanpumep, no metony ledda (nmm Thiokn).

(5.9) t:=
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JIekiusa 9

[TpoBepKa CTATUCTUYIECKNAX TUIIOTES.

1 IlocraHoBKa 3am1a4yM, OCHOBHBIE ITOHSATHSI.

Habstonenne X mosydeHO CjydaitHBIM BBIOOPDOM W3 TeHEpaJbHOI coBOKymHOCTH X TIO
HEKOTOPOMY BEPOATHOCTHOMY 3aKoHY P, koTopbiit Ham He m3BecTeH. OTHOCUTEIHLHO pac-
npenesiennsi P W3BECTHO JIMMIb, YTO OHO ABJIAETCA HJIEMEHTOM HEKOTOPOTO 3aJaHHOTO
MHOXeCTBa P BEPOATHOCTHBIX pacupeneieHnit Ha m3amepuMoM npoctpancTBe X. OTHO-
CUTEJIPHO UCTUHHOTO pacnpenesennsa P BhICKa3aHO MPEANOJIOKeHNe, KOTOPOE Mbl XOTHM
MPOBEPUTH, ONUpasdAch Ha HabomeHne X: P obJiagaer HEKOTOPHIM OTIPEIeIEHHBIME CBOT-
CTBAMHU. ITH CBORCTBA BHIIEIAIOT B MHOXECTBE P HeKOTOpoe moaMHoxecTBO Py. [Toato-
My YIOMAHYTO€ TIOfJIeXaliee TpoBepKe npenmnosioxenne Hy (B maspaeiimem - runoresa
Hy ) 3Byunt Tax: P € Py, toe Py C P.

Korma MHOXeECTBO pactpenejiennit P mapaMeTpu30BaHO ¢ TOMOIIBI0 KaKOTo-/1i00 ma-
pavetpa 6, mpuuem P = {Fp : § € O}, torna runoresa Hy Toxe mpumobperaer mapame-
Tpudeckyio ¢popmy

Hy:0 € 0,

tiae Py = {Py: 0 € Oy}, Oy 3anano u Oy C O.

['unoresa Hy sinbo BepHa, b0 HeT. B mocjennem ciiydae BHITIOJTHEHO aJIbTEPHATUB-
HO€ TIPENTIOJIOKEHNEe O pacnpenesiennn (aabrepHaTnBa): P € Py.

IIpu stom Py NP1 = 0, P1UPy = P. ([locnennee Bupodem, He 06A3aTEIHHO: THIOTE-
THYECKOE U JIbTEPHATHBHOE MHOXKECTBO paclpene ieHnit He Bcera B CBOEM 00 beTNHEHNN
COCTABJIAIT BCE BO3MOXKHbIE BEPOATHOCTHBIE PACIPENETIEHNH ).

B napamerpuueckoit popme ambrepnarusa H; mmeer Bun

leeé@l,

rne P1 = {Py: 0 € ©,}, O, zanano, O, € O nu O, NO; = .

ITo mabmonennio X mbl moxHB ubo npuaaTh Hy, mbo Hy orBeprayrs (wHOTIA
B 9TOM CJIy4ae ToBOpAT: npunams Hip). Mbl pacumpsiem 3Ty 3agady Tak: Ha MHOXe-
cTBe A MBI JOIXKHBI ONPENESUTh (DYHKINIO OT X, X € X, 3HAUYEHNAMU KOTOpPOit MOTYyT
ObITh ”oTBeprHyTh Hy "unm ”He orBeprarh Hy”. 3areM Mbl mpuMeHUM 3Ty (DYHKIIIO K
HabJmomaeMomMy 3HaUeHWI0 X W B Pe3yJIbTATe MOJyYNM KOHKDETHOE PEIleHue.

IIyctn

S ={x:x €, mo Habmogaemomy X orBepraemMHy}.

MuoxectBo S, S C X, HA3BIBAIOT KPUMUYECKUM MHOHCECMEOM IJid TUTIOTE3hl Hy,
AN KPUMEPUEM.

[TockoabKy TMTIIOTE3BI, O KOTOPHIX Mbl TOBOPHUJIN, KACAlOTCA PaCIpeleseHnd BEPOAT-
HOCTel, TaKWe TUTIOTE3bl HA3hIBAIOTCA CMAMUCNUYECKUMU, & KDUTEPUN IJIF UX TPOBEPKN
- CMAMUCTNUYECKUMY KPUMEPUAMU.

C 1100BIMM CTATUCTUYECKUMU KPUTEPUAME HEPA3PBIBHO CBA3AHBI BOZMOXHBIE OMTHO-
KH:

e omubka pona I: orBepraem Hy, xorma Hy Bepna;

9.1



e omubka pona II: me orBepraem Hy, xorna Hy HeBepHa.

[To cBOMM TOC/IENCTBUAM 3T OMMOKM OOBIYHO HEe paBHO3HAYHBI: omuOKa | poma omac-
Hee, T.K. OHa 3aCTaBJIAeT HAC OTKA3aThCA OT MPABUJIHLHOTO TPENNOJiokeHud. B To xe
Bpemsa ommnbka II poma (He OTBEPTHYTH TMUNOTE3y, KOTIA OHA HE BEPHA) HE 3aKPHIBAET
BO3MOXKHOCTHU BCe XK€ OTBEPTHYTh JIOXKHYI0 TUNOTe3y Hy B pesynbTare majbHelmmx ee
npoBepok. [loaTomMy npu mpoBepKe CTATUCTUYECKUX THIOTE3 BO3SMOXKHOCTH OMMOKHU TIep-
BOTO POJIAa CTAPAIOTCA YMEHBIMNUTD. 2KejlaTe/TbHO, BIPOYEM UMETh TAKUE CTATUCTUYECKUE
KPUTEPUH, 1151 KOTOPHIX MaJibl (6m3kn x 0) BeposaTHOCTH 06erx omubok. Ho mockosibky
5T0 0OBIYHO HEBO3MOXKHO, K BBIOOPY KpuTepusa S BBIIBUTAIOT Takue TpeOOBAHUA:

BeposATHOCTH OMMOKM TEPBOTO POfIa HE JIOJIKHA MPEBOCXOIUTh BHIOpaHHOH (MaJsioii)
BEJIMYMHBI, HA3BIBAEMOI ypPOBHEM 3HaYMMOCTH Kputepud S. IIpm 9TOM yciioBumM BepodT-
HocTh ommubku 11 poma Hamo coenmaTh kak MoxHO MeHbie. C GoJibIlelt ONPenEeTHHOCTHIO
TOBODUTH O CBOHCTBAX CTATMCTUYECKOTO KPUTEPHUA TIOMOTAET €ro (PYHKINSA MOITHOCTH.
AprymMeHTOM CJIyKUT pacrpenesienne BepodaTHocTelt () Ha X, (Q € P.

Omnpenesenne.

Mowmocmoro $(Q)) xpurepus S Ha3HIBAIOT

B(Q,5) = B(Q) = Q{X € S},

T.e. BepoATHOCTH cobbitna {X € S}, xorma caydwaiinsiii BeiGop X, X € X,
TIPOMCXOJINT COTJIACHO pacmpenesiennto BepodrHocreit (). (HamomumMm, uto
runoresy Hg MBI oTBepraeM ¢ mMOMOIIbI0 KpUTepus S, €CJIM MPOUCXOTAT CO-
6ertne X € S). @ynknmio [(-),3a1aHHYI0 Ha MHOXECTBE pacupenesennii P,
Ha3BIBAIOT @yrkyuet mownocmu (Kpurepus S).

CorslacHO CKa3aHHOMY paHee, CTATUCTHYECKUit KpuTepnit MMeeT ypPOBEHb 3HA-
ynmoctu o, Ecom 3(Q)) < « miig Becex @ € Py. ITockobKy Kaxapiii Kpurepuit
YPOBHS (¢ €CTh OIHOBPEMEHHO M KpUTEpHil ypoBHH ¢, ecsim & < ¢ TO TIOJIE3HO
OIIPENeJINTD I1J1d KPUTepHd ero MUHUMAJIbHBII YPOBEHb 3HAUYUMOCTH

sup 5(Q).

QePo

DTy BeJIMYNHY HA3BIBAIOT PA3MEPOM KPUTEPU.

Korna muoxectBo P mapamerpusoBano, T.e. korma P = {P, : § € O}, momHoctb
MOXHO CYNTATh (pyHKIMeH napamerpa 6:

B(0,5) = B(6) = Py(X € ).
B aTom coydae pasmep kputepud S €CTh

sup Py(X € 5).
0cOo

2Kenare ibHble CBOMCTBA JTIOHOTO CTATUCTUYECKOTO KPUTEPU, TPETHA3HAYEHHOTO 014
TMPOBEPKU cTaTucTudeckoit runoresst P € Py:

a) MaJiblii pasmep,
(a)

(b) 6bIcTpOE BO3pacTaHuWe ero pYHKIMN MOITHOCTH (IpPW YIAJEHUM DacHpeneseHns ()
OT TMTIIOTETUYECKOTO MHOXKECTBA pacupenesenuit Py).
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2 IIpumep peasibHOU IPOBEPKH CTATUCTHYECKOH I'v-
IIOTE3kI.

2.1

Maremarndeckada (CTaTUCTHYECKAs) MOJIESTH 3aKOHA MeHness mpocta. ['mGpuas mepBoro
nokoJieHns nemioT rerotun Aa (n dbenorun A). OHE TPOU3BOAAT TaMETHI (3aPONBIIIEBHIE
KJIETKN) A 1 @ B PABHBIX KOJMYECTBAX. [IpM CIMAHNYM TaMeT BO3HUKAIOT COMATHYECKUE
KJIETKH udeThipex renotunoB: AA, Aa,aA v aa (370eCh MEPBBIM yKas3aH T€HOTHI MarTe-
PUMHCKO# KJIETKM, BTOPBIM - OTIIBCKOIl; /Jid onpenesHHocTn). Ecam B ONJI000TBOpEHUN
HET CeJIEKTUBHOCTH, €CJIN XKMU3HECTIOCOOHOCTDH TAMET OIMHAKOBA, €CJIN KU3HECTIOCOOHOCTh
TOTOMCTBa (HATPUMED, BCOXKECTh CEMAH) W T.J., TO HAYIAYY B3ATOE PACTEHNE BTOPOTO
TMOKOJIEHUANMEET OIMH U3 Tpex reHoTunoB AA, Aa, aa ¢ BepoATHOCTAMMK i, ;, i COOTBET-
ctBeHHO. OTCIOMIA CJIEAYET, 9YTO BEPOATHOCTH (DEHOTUTIOB A U a4 CyTh % 4 . IToaTomy B
OTIbITE YACTOTHI JIOJIKHBI OTHOCUTCA (mpubamsurenbHo) kax 3:1.

[MIxosa T.H. JIsicenko B CCCP B TpuanaThie TOObI ThITAJIACh OOPOTHCA C MEHIEIEB-
CKUMHU 33aKOHAMM HACJIEICTBEHHOCTW HAy4YHBIMM MeTogamu. ajbHeitmuit pacckas - 00
OTHOM W3 3MU30J0B 3TOH GOpPLOBI; pencTaBadeT coboit nsBieuenne us crarbu A.H. Kos-
moropoa (1940) "O6 ogHoM HOBOM monTBepxkaeHnu 3akoHoB Mennens”; JAH CCCP,
tom 27, ctp.38-42. (Cm. takxke: A.H. Koamoropos, Teopus BepoaTHOCTEH 1 MaTeMa-
thyeckas cratuctuka. - M.: "Hayka”,1986 — 535c. u B.H. Tyry6anun (1992), Teopus
BEpPOATHOCTel 1 ciryd9aitasix nporeccoB. — M.: msn-Bo MIY, 1992 — 400c., wacTs 2, T1aBa
3, §1).

Pa6ora KosimMoropoBa ocHOBBIBaeTCA Ha KCIEpUMeHTaIbHBIX HaHHbIX H.U. Epmona-
epoit: ”Emre pas o ropoxossix 3akonax”; Aposusanusa (1939), N 2 (23). H.11.Epmonaepa
HKCIIEPUMEHTHPOBAJIA C TOMaTaMu. B ee ombITax pe3yJbTaThl Pa3desiaanch To ceMeil-
ctBaMm. Hampumep, ceme#icTBO COCTaBJIAIN BCE PACTEHUHA, BHIPOCIINE B OTHOM ATIUKE.
CewmeiicTBa MBI 3aHyMepyeM uHIekcoM 4, ¢ = 1...N; N - ux obmee uncao. Hucteie ju-
HUY, KOTOPbIE TIOIBEPTaINCh CKPEIUBAHUIO (rMGPUAN3aNNT), OTJINIAINCH BHEITHE: OJIHU
UMEJIN TJIaJKNUe, 8 APYTUEe - MOPIINHUCTHIE JINCThA.

[Iycts p;, 2 = 1... N, obo3HavaoT 9acToTh (peHoTHNA @ B Kaxmoit us N cepwmit, a n;
0003HAYAET YNCJIO PACTEHW B CEPUM.

Ecin umcjieHHOCTH n; HE CJMIIKOM MaJbl (NMOpANKa HECKOJBKUX IECATKOB), TO TIO
teopemMe MyaBpa Jlamiaca m Tpu CpaBeqIMBOCTH 3aKOHOB MeHed HOPMUPOBAHHbIE
vactorsl (rme p = 1)

&- i — TP
T 7
nip(1 — p)
a TOYHee,
i
g =H_ 4
;=
13
V iz
nveroT (npubsmxkenno) pacnpeneserne N(0,1). IToaromy Ha coBokymHOCTH &1, &y, . . ., &
MOXKHO CMOTpeTh Kak Ha BHIGOPKY (o6bema N) m3 N(0,1). Bce 910 - ecsin BepeH 3aK0H
Mengesd.



2.2

EcrecTBeHHAsA MBICJIH COOCTABATL BHIGOPOUHYIO DyHKIMIO Fy(Z), TOCTPOEHHYIO TIO 3Tl
BHIGOPKE, 1 (DYHKIINIO CTAHAAPTHOTO HOPMAJILHOTO pacupenenenus (byunknmio Jlamnaca)

O(z ~w 2y,

1 T
=] e
V2T J—o0
CorJiacHO M3BeCTHOH HaM Teopeme [JIMBEHKO, CiydaiiHaa BeJIWYMHA,

() Dy = sup|F(z) — &(z)|

npu 60sbmux N noJikHaA OBITH MaJIoOit, ecJi BEPHBI 3aKOHB MeHnesd, nbo B 3TOM ciiydae
Dy £50 npu N — 0.

Ecnm xe 3akon Mennenda B obcyXmaeMbIX ONMBITaX He OeifiCTByeT, TO BEPOATHOCTh
TMOABJIEHNA (DEHOTHUTIA, ¢ OTJIMYAETCA OT i. B sToMm ciiyuae BbibopouHasa dyskuma Fi(-)
cxonurcs He K D(+), a K Apyromy mpemesy.

B pesyspTare

Dy =5 ¢>0,

ecJim 3aK0H MeHe/1d HEBEPEeH.

DTnxX coobpaxeHuit, OMHAKO, HEIOCTATOYHO IJId TOYHBIX CTATUCTUYECKUX BHIBOIOB.
Hano npuBjieds CJIEQyIONyI0 TEOPEMY.

Teopema Kosamoroposa (1933).

Dy =sup |Fy(z) — ®(z)
z€ER

u Jioboro z > 0
P(VNDy < 2) — K(2),

roe
oC

K(z) =142 (-1)Fe 2%,
k=1
win (K(2) = £ (—1)%e 2% pna z > 0. @ysxumo K(-) HassBaoTcs
dynryuets Koamozoposa).

B ciiydae xe ero HapymeHnd

\/NDN—)OO, npu N — 0.

DT0 3HAYNT, YTO 1J18 KOHEYHbIX 3Hadennit N crarnctuka v NDy H0IKHA TPHHAMATE
boavwue 3HAMEHUA, €CITN TUTIOTE3a HEBEPHA.

Takum o6pasoM, crarnctuka v NDy pasimdHo BegeT cebd NMpW TUIOTE3e U IPH €e
HapymeHnu (mpu ajbrTepHaTuBe). VIMEHHO 9TO TO3BOJIAET TI0 BEJIMYMHE V' NDy cuenars
BBIBOJ, O TOM, UTO XKe HeliCTByeT Ha CaMOM JieJjie: TUNOTE3a WJN aJIbTEePHATUBA.
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2.3

B naHHOM ciIydae €CTECTBEHHO CJIEAYIOIIEe PEIIAoliee HPEBUJIO: OTBEPraTh IUIOTE3Y
0 TOM, 4TO BBIOOpKA W3BJI€YeHa M3 pacupenesnus ¢ dyskumeir F(-), ecam crarnctuka
V' NDy npunaa (B ombiTe) coumkoM 6ostbmoe sHadenne. T.e. cToJTh 60JIbIIOE 3HAYEHTE,
KOTOPOE MaJIOBEPOATHO, €CJIN THIOTE3a BEPHA.

laTh TOYHBINH CMBICT STOMY TPEIJIOKEHNI0 MOXKHO TaK.

e BribupaeM ypoBeHb 3HAYUMOCTH €, € > () - 3TO BEPOATHOCTb OTBEPTHYTh TUTIOTERY,
KOT/1a OHa BEpHA.

e Ilo 3TOMYy 3HAYEHWIO £ BHIYNC/IAEM KPUTHYECKOEe 3HAaUeHme, ckaxeM Cc,Takoe, 9To
KlC)=1-e.

o Ecsam nabnionaemoe snauenne v N Dy npeBocxonut C, , MBI TPOBEPAEMYIO TUTIOTEZY
oTBepraeM (Kak TOBODAT - Ha YPOBHE €). B maHHOM ciyuae - 9T0 TUMOTE3a (3aK0H)
Mengesd.

2.4

CyInTh O TOM, COBMECTHMO JIH HaBJIONIEHHOE B ONbITe 3HaveHne ctarncTukn v NDy c
npBepAeMoli runore3oit MOXHO U mHave. Kax GBLIO CKa3aHO, TPOTUB TUMOTE3HI (3aK0-
Ha MeH)IeJIH) TOBOPAT OOJIBINE 3HAYEHUA \/NDN, W TeM CUJIbHee, YeM HabJII0HeHHOe
3HAYEHNUE BBIIIE.

PaccMoTpuM BEpOATHOCTDH TOTO, YTO B HE3aBUCUMOM TIOBTOPEHUN TPOBEIEHHOTO OMbI-
Ta MBI TIOJIy9NM TaKoe e M jJaxke Gojbllee 3HadenHue crarnctukn v NDy, 9eM Ha-
6monennoe.  (BepoATHOCTH 3Ty BHIYNMC/IAEM B MPENNOJIONKEHWH, 9TO TUNOTE3a BEPHA).
HabstonenHoe 3HaYeHWe HAHOO MPU3HATH OOJIBIINM, €CJIU €T0 TPYHOHO TMPEB30iTH 3a cueT
cayuaitnoctu. To ecTb, ecim yHOMAHYyTad BepPOATHOCTDb - Majiad. U obpaTtHo: ecom 31a
BEPOATHOCTb HE MaJia, TO W HAOJIIOIEHHOE 3HAYEHNE CUYUTATH OOJIHIINM HE CJENYeT; OHO
COBECTUMO C TIpOBepAeMoi TUTIOTE301.

OBCcyx1aeMy10 BEPOATHOCTh HA3BIBAIOT pP-3HAYEHNEM (TIo-aHTIMiACKY - p-value). TIpu-
MEHATH p-3HAYEHNUs NI MPOBEpKH runotes npenioxua Oumep (R. Fisher)

B nammoit 3agade p-snadenne pasno 1 — K (v NDy).

Bepuemcsa x onsitam EpmosaeBoit. Bcero 6n110 npe Buibopku: N = 98 mw N = 123.
B obenx BBIOOpKax HabIONEHHBIE 3HaYeHUd Dy OBLIN JAJEKW OT KPUTUUECKUX : UX P-
sHavennd Oblin paBHBI 0.51 u 0.63 coorBercTBeHHO. Takum o6paszoMm, HAyYHAsA aTakKa
T.I1. JInicenko Ha 3aKOHK MeHIeda He yaaJach.
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JIlekimusa 10

3 Onrumanabsubii kpurepuin Heitmana-ITupcona.

(J. Neyman, S. Pearson, 1933)

Bromabie onpenesHud.

Cratuctnyeckuit xpurepuit S niad nmpoBepku tunoresst H; : P € ©; npo-
TUB aJibTepHaTUBBl Hy @ P € Oy €cTEeCTBEHHO HA3HIBATH ONTUMAJIbHBIM, €CJTH
CpenyM BCEX KPUTEPUEB 3aJaHHOTO YPOBHA 3HAYMMOCTH KpuUTepuit S mmeer
HauOOJTBIIYI0 MONTHOCTb.

YyTts nonpobuee. V3 nByx kputepmeB R m S NaHHOTO ypPOBHA 3HAUYMMOCTH
KpuTepuit S HA3BIBAIOT 00JIee MOMIHBIM, €CJIN

(3.1) 8(Q,S) < B(R,S)  anaseex @ € Py

Kputepnit S Ha3BIBAIOT ONMUMAALHBIM KPUMEPUEM YPOBHSA (v, €CJIN I JTI0-
Goro mpyroro kputepus R ypoBHs « BemosHAETCA cooTHomenue (3.1). Kpu-
Tepuit S B 3TOM CJjIydae HA3BIBAIOT TAKKE PABHOMEPHO HAUOOAEE MOWHbBIM
Kpumepuem YPOBHA (.

OntuMaJsibHBI BRIOOD KpUTEpUda AJd TMPOBEPKM TUNOTE3bl rumotessl Hy @ P € Py
NpoTUB ajbrepHaTuBbl Hy : P € P; BO3MOXEH JIMNIb B HEMHOTHUX Ciydadx. (Bmpouem
HEKOTODHIE M3 HUX BAXKHBI JJjIs CTATUCTUYECKOH npakTuku.) VI Tam raoe oH ymaercs, BCE
OCHOBaHO Ha Tak Ha3biBaeMoit iemme Heitmana-ITupcona. Ona oTHOCUTCA K TpocTeiimeit
cutyanuu: u runoresa Hy, u aabrepHaTtuBa H; - mpocThie, TO ecTh 006a MHOXeCTBA Py
n P, - OQHOTOYEUHBbIE; KAXKI0€ U3 HUX COCTOUT U3 OJHOTO PACIpENesIeHNs BepOATHOCTE
Py u P; coorBercrBenno. (Ecim muoxectBa Py m P; cocrodar Kaxmoe Gojiee 4eM u3
OJTHOTO pacmpenenennd, runoresy Hy : P € Py n anprepraruBy H; : P € P, Ha3bIBalOT
CAOHCHDIMUL).

OntumasibHBI KpuTepuit 119 TPOBEPKM MPOCTO#t THTIOTE3HI TPOTUB TTPOCTOH aJIbTep-
HATUBBI MBI IOCTPOUM B 3JIEMEHTAPHOW CUTyanuu, Korga pacupeneienua Py u P, 1u6o
06a TUCKpeTHBI, 100 06a MMEIT NJIOTHOCTH (OTHOCHTEHLHO HEKOTOPOil Mephl Ha X).

IIyers fo(x) m fi(x), x € X, cyTh IBe MIOTHOCTH pacnpenesennii Ha X' (uam aBa nuc-
KpeTHBIX pacnpenesenusd Ha X). Ilycrb Habmonerne X 101y 4eHO BEIGOPOM BJIEMEHTA U3
X coryacuo fo 6o f1. Pacemorpum runoresy Hy : X mMeeT mIIOTHOCTH (pacipenesienne)
fo m anprepuaruBy H; : X uMeeT MJIOTHOCTH (pacmpenesienue) fi.

PaccMoTpuM MHOXKECTBO BUIA

(3.2) Sy={z: fi(z) = Afo(z) >0}, A >0

Kak kpurepuii nyis Hy mporus H;. [Tounee, MBI paccMOTpuUM BCE CeMeiCTBO MHOXKECTB
YKa3aHHOTO BHIA, TapaMeTPU30BaHHOE epeMeHHo#t A > (0, Kak ceMeflCTBO KpUTHIECKUX
MHOXKECTB. DTH KPUTHYECKNE MHOXKECTBA PA3JINYAIOTCH YPOBHAMI 3HAUNMOCTH. |

[Iycts R - xakoit smmbo craructuyeckmit kpurepuit njia nosepku Hy mpotuB H; mo
Habaogernio X, R C X
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[Ipenmosioxum, 9T0
(3.3) Py(X € R) < Ry(X € Sy),

To ectb BepoaTHOCTh ommnbku I poma i R He Bhime dem ajs Sy. [B tunmanom
ciaydae g nanHoro R MoxHO momoGparb kpurepmit Sy Buma (b) ¢ Tem ke ypoBHEM
sHaynmocT. Torma B (3.3) cronT paBeHCTRO.]

Torma

(a)
(3.4) P (X € R) < Pi(X € 5)),

(b)
Py(X € S)) < Pi(X €8)),

ITyukT (@) o3Hauaet, 4yTO KpuTepmit S\, mMeeT HaMGOJIBIIYI0 MONIHOCTb CPEIM BCEX
KPUTEPHEB, YPOBEHb 3HAYMMOCTH KOTOPHIX HE MPEBOCXOINUT YPOBHA 3HAYMMOCTH S).

ITyukT (b) Kacaercs CBOWCTB caMoro Kpurepus Sy M yTBEPKIAET, 9T0 (DYHKIUA MOII-
HOCTH KpuTepus S, BO3pacTaeT MpH MEePeXofie OT THIOTETHIECKOTo pacupenesenus Py
K asbTepHarnBHOMy Py, [Takoe CBOHCTBO KpUTEPUs HA3BIBAIOT HecmeuweHHocmbio. OHO
03HAYAET, 4TO HOoJIee BEPOATHO (C MOMOIIBIO 9TOTO KPATEPUHA) OTBEPTHY Th MPOBEPAEMYIO
TUNOTE3Y, KOT/IA OHA HEBEPHA, YeM KOTJa OHA BEPHA - BEChMa €CTECTBEHHOE KaYeCTBO IS
KpUTEPHL. |

Kpurepun Buna (3.2) maswiBator xpumepuamyu Hetimana-ITupcona, a chopmynpo-
BAHHOE BHINIE YTBEDPXKIEHNE 00 ONTUMAJBHOCTH Kpurepues (3.2) - semmoit (Teopemoii)
Heitmana-IInpcona.

JHokazaTesibCTBa [J1d pacnpenesennii, "MEemnX NJI0THOCTY U I JUCKPETHBIX Pac-
TpenesieHnii MPONCXOAAT OMMHAKOBO - C TOW pa3HMIIE(l, YTO MHTErPasIHl 3AMEHAIOTCH CyM-
Mamu. [109TOMy JOCTATOYHO PACCMOTPETH YTO-TMOO0 OTHO; IJIf ONPENEJIEHHOCTH - TLJIOT-
HOCTH.

Bamnucn GyayT KOMIAKTHBIMHA, €CJIM BMecTe ¢ Kputepusamu R u Sy paccMorperh ux
nHAnKaTopuble hyukunn [g(x) n Ig(x):

1, nmaa x €S,

1, maaz € R, I()—{
SYT 0, s x & Sy.

Ip(z) =

r(@) {0, naz ¢ Ry’
C nomompio Ig, Is BepoarHoctn cobrtuit (X € R), (X € S)) MoxHO 3anmcarh B

BHJIe MAaTEMaTUYECKNX OXMAaHuWil. YcpenHeHue (Maremarnueckoe oxunanue) no Py 06o-

sHaunM 4epes Ey, ycpennenune no P, - uepes E;. Hanpumep Py(X € R) = Eglg(X), a

npengoxenne (3.3) umeeT B

(3.5) EyIp(X) < Epls(X).

Loxasameavcmeo yrBepxaeHns (a).
JIerxo mpoBepHUTh, YTO CIPABEINBO HEPABEHCTBO

(3.6) Ir(@)[fi(2) = Mo(@)] < Is(2)[fi(z) = Afo(@)]-
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HeitcrBuresibho, ecom fi(xz) — Afo(z) > 0, 10 Is(z) = 1 m (3.6) mpeBpamaercs B
oueBuaHoe yrBepxaenne 1 < Ig(z). Ecom xe fi(z) — Afy(z) < 0, To Is(z) = 0, n moromy
npaBad 4acTh (3.6) obpamaercd B HyJIb, a JieBad 4acTh (3.6) Ipu 9TOM He TOJIOKNTEJbHA,
Tak 470 (3.6) BEPHO M B HTOM CJIydae.

UnTerpupyem (3.6) mo Bcemy mpocTpaHcTBy. PesysibTar sanmimmem B BUIe MATEMATH-
YeCKUX OXHUIAHWIA.

E\IR(X) — AEyIp(X) < EIs(X) — AEoIs(X)

nJim

(3.7) EiI5(X) — EIr(X) 2 A[EgIs(X) — Eglp(X)]

B cuay (3.5) m A > 0, mpaBas 9acth (3.7) HeoTpUIATEbHA, YTO U JOKa3bBaeT (a). O

Loxasameavcmeo yrBepxaenns (b).

s noxasaTesbcTBa yTBepXKIeHu:A (b) HAIO TOPO3HB PACCMOTPETH I A, OTpee-
ggomero Sy B (3.2), ne BosmoxuocTH: A > 11 A < 1.

e JlonyctuMm, uto A > 1. Torma u3 (3.2) caenyer, uto fi(z) > fo(zx) ana z € Sy.
[TosTOoMmMy

Py(X € Sy = /Is(x)fo(:v)dx < /Is(x) s fi(z)de = PL(X € Sy),

uT0 u Tpedyerc.

e [lomyctuMm, uto A < 1. PaccMoTpuM MHOXECTBO
Sx={z: fi(z) < Mo(z)}

Ero munukarop ectb 1 — Ig(z). Ilpm A < 1 mosyuaem, uro fi(z) < fo(z) moa
z € S, . Iloaromy

P(X €8,) = /[1 — Is(z)] fi(z)dz < /[1 — Is(z)]fo(z)dz = Py(X € S,).
Orcrona caenyer, uto mpu A < 1
1-P (X €S8 <1-PF(X €S

910 nokaswiBaer (b) u B aTOM ciayuae. O
JHokaszaHHAs TEOpeMa OTpPEeNeJiseT BU HANJTYqIero Kpurepus. ECm Mbl XOTUM OCTa-
HOBUTHCHA HA ONTUMAJLHOM KPUTEPUH YPOBHA £, TIE € 33[aH0, MBI JOJIKHBI TOI0GPATh
A > 0 tak, 9TOOBI

(3.8) Py(X €5)) =e.

B ciydae mI0oTHOCTH 9TO 03HAYAET, YTO MbI JIOJIKHBI PEITUTh OTHOCUTETHHO A yPaB-
HEHUe
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folz)dx =¢
{z:fi(@)>Afo(2)}

B TunMYHOM CjIy¥ae pemeHne CymecTByeT (M eIUHCTBEHHO).

JJ1s IMCKPeTHO pacupenesienHbix Habmonennit X ypasrenne (3.8) paspemmnmo He i
Bcex £ > (. B Takom cjydae - B IOMCKaX ONTUMAJILHOTO KPUTEPUA YPOBHA € - JIMOO OCTa-
HABJIMBAIOTCA Ha KpUTEpUM BUIA (3.2) C MEHBITNM, YeM Ha3HAYEHHBIH £, C BEPOATHOCTHIO
onm6ku I poma (yBesmumBas TeM caMbiM BepoATHOCTH ommnbku 11 pona), mbo u3veHaoT
BHIGOD YPOBH#A 3HAYMMOCTH TakK, 9To0bl (3.8) cTaso paspemmmo. [Tocsennee mpaBubHee,
nO0 Ha3HAYEHWE YPOBHA 3HAYMMOCTH - PEIIeHNe B HEMAJION CTeneH! MpPOU3BOJIbHOE.

4 PaBHOMepHO HamboJiee MOINHBIE KPUTEPUU

Onpenesenne paBHOMEpPHO HanboJIee MONTHBIX KPUTEPUEB TaHO B Hadaje myHKTa 3. Kak
TPABUJIO, NI CJIOXKHBIX TMIOTE3 /UM CJOXKHBIX aJbTEPHATHB PaBHOMEDHO HamboJiee
MOTITHBIX KPUTEPHEB HE CYIMECTByeT. THUNWYHO TaKoe MOJIOKEHWE, KOTMa MJId KaxIoh
napsl pacupenenennit Py € Py, P; € P; ectdb "cBoil” (ompenensemsiii semmvoit Heitmana-
[Tupcona) onTUMAabHBI KPUTEDPHil, HO HET EIMHOTO ONTUMAJILHOTO KpuTepus. Ho ectb
BaXKHbIE (71 TPAKTUKN ) UCKJIIOUEHNS U3 CKA3aHHOTO, KOT/Ia PABHOMEPHO HANb0JIee MOIII-
Hble KPUTEPUU CYTECTBYIOT.
[Ipumep:

IPpOBEPKa OOHOCTOPOHHHMX THIIOTE3 NIPOTUB OOHOCTOPOHHUX aJibT€pHaTHUB B
cxeme beprynsm.

ITycts mpoBeneHo n, n 3amano, ucnbitanunit Bepuyamm. [ycts 0, 6 € (0, 1) - HenssecT-
Has BEPOATHOCTH ycrexa. OGo3Ha4YMM pesyJsbrar mcnbitanmii yepes X = (Xi,...,X,),
rne X; = 1, ecam B 4-OM WCTIBITAHUY OBbLT ycnex, u X; = 0 B TPOTUBHOM CJIydae.

[To nabmonenHoMy X HAIO MPOBEPUTH TUTIOTEZY

HO:HSQO

IIPOTUB aJIbT€PHATUBLI
H1 1 0 > 00

rie §° - samano, 0° € (0,1).

Iajee Mbl HalimeMm p. H. M. KpuTepuit nias npoBepku Hy npotu Hy. DToT KpuTepnit
OynmeT HalimeH ¢ momombio npasuia Heitmana-Ilupcona.

[IpomsBobHO BhIOGEpeM nBa 3HaYeHWd a W b mapamerpa f: @ U3 TUIOTETUIECKOTO
muoxecTsa (0, 00], b u3 aJbTEPHATUBHOTO MHOXKECTBA (00, 1]. CoienoBaresibHO,

(4.1) 0<a<®<b<1

Ilna mpoBepKM MpOCTOi TUTIOTE3b! § = @ TPOTUB MPOCTOI aTbTepHATUBHI § = b Tipu-
MeHuM mpaBmio Heitmana-Ilupcona. 3nmech:

fila) = 571 — by

fola) = T (1 = @) 0
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rae £ = (z1,...,T,) - TOUKA BEIGOPOYHOTO MPOCTPAHCTBA X, T - TPOU3BOJIbHASA MOCJIEIO0-

n
BATEJIbHOCTD m3 HyJiel u emmun, T, () = > z;. (3amernwm, urto T,,(X) - 3HAKOMad HaM
i=1

JOCTATOYHASA CTATUCTUKA, OOIIEe YNCJI0 YCIEXOB. )
Kputnueckmne muoxectsa Heitmana-ITupcona nna mapsl a, b cyTh

A$:{x:£Z;2A}A>O

nJim

(4.2) Sy = :E:(bl a) (1 b) >Ap,A>0

al—b 1—a

Mnr yxe ormeuasn, 4to kputepun Heiitmana-Ilupcona obGpasyior cemeitcTBo onTu-
MaJIbHBIX KpuTepueB. V3 9ToT0 ceMeitcTBA TOTOM BHIOMPAIOT KPUTEPUt 32 TAHHOTO YPOB-
ua 3Haunmoctu. Ceiivac cemeiictso (4.2) mapamerpusoBano napamerpom A, A > 0. Jlio-
Oaa gpyrasd mapaMeTpHU3allud 3TOTO ceMelcTBa He Oyler Xyxe.

B wacTHOCTH, cemelicTBy (4.2) MOXHO maTh dbopMy

_ Tn(z)
x:(b ! “) >N NS0

1—-b a
l1—a
umA’zA(
1-b
napaMeTpoM A He BaxHa. [Ipy HaabHEANNX M3MEHEHWAX NMAPAMETPHU3AIMHA Mbl TAKNE
cBA3M OoTMeuaTh He OyneM. Beumy (4.1)

n
) . Bmopouewm, cBash Mexay HOBBIM mapameTpoM A W cTapbsiM

b 1—a
— 1.
1-b a
[ToaTomy (4.2) MOXHO ele ympoCTHUTb:
(4.3) {z: T, () > t}, t > 0.

OrmeTnM TJ1aBHYIO 0COGEHHOCTD (4.3) KaK CTATMCTHYECKOTO KPHUTEpHs: €ro BUI He
3aBUCHT OT KOHKpeTHBIX a < 0% b > §°. Dror xpurepnit - obmmit nia seex a € (0,6,
b € (0°1]. 9ro osmauaer, uTo kpurepmit (4.3) B paccMaTpmBaeMoil 3amade ABIACTCHA
paBHOMepPHO Hanbojiee MOMTHLIM.

CraTucTYecKoe TpaBmJIo TENeph TAKOBO:

Orseprats tunoresy Hy : 6 < 0° nporus anbrepratussl H, : 6 > 6°, ecomu nponsomio
coObITHE

(4.4) To(X) > ¢
r€e ¢ - HEKOTOPOe KPUTHYECKoe 3HadeHne. (DTo 3HaYeHWe t elle MPEICTOUT YTOYHUTH).

n
3ameTnM, 4TO pellleHne OCHOBBIBaeTCA Ha mocraTouHoii crarnctuke T, (X) = > X; (cym-
i=1

MapHOM YHCJIe YCIeXOB), a He Ha caMoM HabuomeHnu X. 9DTa 4epra XapaKTepHa s
BCAKOTO KDUTEPUA B TE€X CTATHCTUUECKNX Mojeaax X, TMe CYMEeCTBYIOT JI0CTAaTOYHBIE
CTaTHUCTUKM.
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Ocraercs onpenesnTh KPUTHIECKOe 3HaUeHne ¢ B (4.4).
J1s 5TOrO 3aJaAMMCs HEKOTOPHIM YPOBHEM 3HAYMMOCTH €. s § JOJIKHO BBIIOJI-
HATHCHA YCJIOBUE
Py(T, >1)<e s Beex 6 < 6°

13 yrBepxnenns (b) semvbl Heiimana-ITupcona cienyer, uto

sup Pp(T,, > t) = Pp(T,, > 1)
0:9<6°

[TosToMy yciioBue njid BeIOOpa ¢ yIPOIIaeTCs:
(4.5) Pp(T, >t) <e

Panu nocTimxenns HanbobIIelt MOIMIHOCTH TMPOTHB ajbTepHaTushl § > 00 B xadecTse
KPUTHIECKOTO 3HAYEHUs CJIeIyeT B3ATh Hambosibinee ¢, yaosjersopsiomee (4.5). Bribop
t mpu 3aIaHHBIX f W N TIOMOTAIOT OCYMIECTBUTH TAOJIMIILI 17151 BEPOATHOCTH

Py(T, > )Y CEoF(1 — )" *

k>t

kak dbyakumm ot fu t; 0 € (0,1),t =1, n.

MoxHo He CBA3HIBATH ce0s 3apaHee BHIOPAHHBIM YPOBHEM 3HAYMMOCTH W IPUHAMATH
PeIlleHNs Ha OCHOBE T-3HaueHus (p — value) KpuTmaeckoii crarnctuku. B Hamewm ciayvae
TPOTHUB TPOBEPAEMON TMIIOTE3bI TOBOPAT GOJIbIINE 3HAYEHMS KPUTHYECKOHR CTATUCTHUKY
T,. Tle-3HaueHme ompenesigeTcs Kak BEPOATHOCTDb TOJYUATH (P HE3ABUCHMOM TIOBTO-
DEHNU OTBITA) HE MEHBIIEE, YeM MOJTY YEHO, 3HAUEHNE KPUTUIECKOil CTaTUCTUKY (HE MeHee
CHJIBHOE, Y€M TIOJIyYEHO, CBUIETETHCTBO MIPOTUB TIPOBEPAEMOl THIIOTESHI).

Ecim mabusioneHHOe 3HadYeHme 3HadeHnme crarncTuku 1, obosHaunth kax T, (Habor.),
coxpanuB 3a T, CMBICJI Cjly4YaitHOl mepeMeHHO#, To ne-3HaYenueMm 1, (Hab1.) CJyXuT

(4.6) Py (T, > T (ab.))

ConocraBysg 910 BhIpaxkenne ¢ (4.5), BUINM, YTO Te-3HAYEHWE - HTO HAMMEHBIIHii
YPOBEHb 3HAYMMOCTH, Ha KOTOPOM €IlI€é MOXKHO ONPOBEPrHYTh runoresy Hy 1o mpaBmiiy
(4.5).

Vcnbtanusa BepHy/um ciyXar CTATUCTAIECKOR MOIEIIbIO JIJ1d MHOTHUX PEAJIbHBIX TIPO-
neccoB. B wacTHoCcTH, IpM (MAacCOBOM) TPOM3BOICTBE M3MEJINE MOKET OKA3aThCHA HETOMI-
HbM (6pax). Ecsim npenamnosioxuTh, 4To nmossjieHne 6paka - neJio caydas, 9To GpakoBaH-
HBIMU PA3JINYHBIE W3MIEJIMs MOTYT 0Ka3aThCA HE3aBUCUMO JIPYT OT APYTa M, YTO, HAKOHEII,
BEPOATHOCTDb TOSABJIEHNs OPAKOBAHHOTO M3HE/INs MOCTOAHHA, - [JIs ONMCAHUs TPOIECCa
MBI MOXEM TMPUMEHNTh cxemy Bepuysun. IlpucyTcrsue cpenyn msnenii HEKOTOPO# J0Jm
f 6pakoBaHHBIX HEM30EXKHO HJIA JIIOOOTO MPOU3BOACTBA.

Besmmuuna 0° Moxker cayxuTh rpanuneit 1,14 Bce emle JOMyCTUMO# 10 Gpaka; ecin
9Ta JI0JA BHIIIE, B IPOU3BOICTBO TPEOYETCA BMEIIATENHCTBO (HAJIAIKA CTAHKOB, HAIPHU-
MeD).

g KoHTpoJis 3a moJieil Tekymero 6paka HyKHO TPOU3BOIUTD PETYJIsiPHBIE TIPOBEP-
KN: HyXHO npoBepaTh runoresy Hy : 0§ < §° npotus H, : § > §°. Beime MBI ycTaHOBUIN,
KaK 3TO CJENyeT IejaTh HAWIydmuM o6pa3oM MpH TPOCTeRTeM MiaHe SKCIEPUMEHTa, -
BBIOODKE.
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Kaxk o6beM BBIOODKYM 71, TAK W YACTOTA OMUCAHHBIX MIPOBEPOK B HAINEll TOCTAHOBKE HE
ompenesiaoTcd. VX ycTaHaB/IMBAIOT, MCXOA W3 PACXO/IOB HA OPTAHW3AINIO U IPOBEIEHNE
KOHTDOJIA, OT TMOTEPh OT YBEJWYEHUd IOJM Opaka, CKOPOCTH W3MeHeHud @ B TedueHUe
paboTH U T.H.

[LnaHbl BRIOOPOYHOTO KOHTPOJIA, PeaJibHO TMPUMEHsEeMble Ha MACCOBBIX TPOW3BOM-
CTBaX, MOTYT OBITh 3HAYNUTEJBbHO CJIOXKHEE, YeM W3y4YeHHad HaAMWM TPOCTasd BLIOOpKa u
KOHTPOJIb TI0 KAYeCTBEHHOMY NpPU3HaKy (Korma m3mesme jmubo TomHo, aubo - Het). Hayu-
Had W TEXHUYECKAd JIMTEPATYPA, TOCBANEHHAA KOHTPOJIO KQ4eCTBa MPOIYKIINN, HEOOB-
ATHA.

PasHOMepHO HamboJiee MOIMHBIE KPUTEPUM ([JIs TPOBEPKM OJHOCTOPOHHWX THUIOTE3
TPOTUB OJHOCTOPOHHUX AJTEPHATUB) TUIWYHBI [JI OJHONAPAMETPUYECKUX SKCIOHEH-
MNAJIbHBIX ceMeilcTB pacnpenesiennit. O6 3Tux ceMeicTBaX Mbl YIOMUHAJIN B CBA3U C
HepaBeHcTBoM Kpamepa-Pao u adbdexkTuBabiMu onenkavn. I[LI0THOCTH (BEpPOATHOCTD)
Habmonennsa X mpuW 3TOM paBHA

p(z,0) = exp{c(0)T(z) + S(z) + d(0)} a(2)

BunoMuHaIbHBIE paclpenesieHnsi, KOTOPble Mbl HWCCJEHOBAJIN BHIME, TPUHAIIEXKAT
sromy kaaccy. Ecim dbysxkuma c(f) MOHOTOHHO 3aBUCHT OT ), BCe TIPOBEIEHHBIE BHINIE
BBIKJIAOKN TIOBTOPAIOTCA MPAKTHYECKN 0€3 W3MEeHEHU U MPUBOAAT K PEIaioNnM TPaBu-
JaM BHIA

T, >1 a0 T, <t.
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Jlekimma 11
IIpoBepka JIMHEWHBIX TUNOTE3 (B JIMHEWHBIX

ray CCOBCKMX MOIEJISIX)

1 IIpumMmepsl JIMHEHHBIX THIIOTE3

1.1 Bsibop cTeneHu MHOTOYJIEHA

B samauax perpeccnu y 10 2 GYHKIMOHAILHBIA BII 3aBUCHMOCTH OXKMIAEMOTO 3HAYEHUS
orksmka F(y|r), kak ¢yHKMn x, GbIBaeT N3BECTEH JAJIEKO HE BCerna. B Takmx ciyda-
AX annpoKCUMUpyolee Bhipaxenne ajia F(y|z) nogbupator smnupudeckn. acto njs
npubsmKeHns Beipaxennsa F(y|r) nCnosab3yoT MHOTOUJIEHBI OT .

ITycThb, [J1 IPOCTOTHI, T - CKaJdpHasd nepeMeHHad. [Ipennosoxum, 9To:

(1.1) E(y|lz) = ap + a1z + - -+ + a,a?

I HeKOTopo#t cTenenn p > 0 ¥ HEKOTOPLIX K03Gh@MUINEHTOB Qg, A1, - - . , Gp-
Iajiee penmoIOKNUM, 9TO IPU HEKOTOPHIX 3aJAHHBIX 3HAYEHUAX X1, Lo, . . ., Ly Pak-
TOpa T TMPOBENEHBl HE3ABUCUMbIE U3MEPEHNUA Y1, Y2, - - - , Yn OTKJINKA Y, TAK UTO

(1.2) Yi = o+ mxi + -+ apal + 5,0 =1,n,

TIE £1,E9,...,E, CYTh HE3ABUCUMBIE CJyuYailHble BeJMYMHBI (CayuaitHble ommbkm). Mbl
npennosioxuM, uto &; ~ N(0,02),7 = 1,n npuuem aucnepcus ommbKN o> HEe N3BECTHA.

Bri6op cTenenn p anmpoKNCHMUPYIONEro MHOTO4sIeHa B opmyJie (1.1) Becerma mpen-
CTaBJIAET ONpENEJIEHHYI0 TpobJieMy. DTy CTEeNeHb HAM0 BhIOPATh TAaK, YTOOBI TOTPETI-
HocTh B (1.1) (oHa Xe - cucremarndeckad omuoOka B (1.2)) He BIMsAIA HA CTATHCTHYECKHIE
BHIBOIBI 0 E(y|x), KOTOpbIE MBI CyMeeM CleJsaTh 1o HabmoneHnaM (z;,y;), 1,n. [lonar-
HO, YTO YeM HUXKE 3Ta CTeleHb, TeM JIerdye WHTEPIPEeTUPOBATh Pe3yJIbTaThl ONbIToB. Ha
NPaKTHKE HTa CTENEeHb PEIKO NPEBHIMIAET TPEX.

OcobeHHO 9acTO MPUXOIUTCH OTBEYATH HA BOMPOC: MOXKHO JIM [ ANTPOKCHMAINH
E(y|z) oboiiTuch MHOTOUIEHOM TIEPBOii CTETeHH, T.€. TPOCTOH JIMHEl O perpeccueit, nam
&Ke HaJI0 06paTuThCA K TapaboImdecKoil perpeccnu, T.e. K MHOTOUJIEHY CTENeHn ABa’

CraTtnctuyeckn mpobJieMa BHITJIAIUT TaK.

ITpennonoxuM, 94To HAGJIIOIEHNS § YAO0BIETBOPAIOT CTATUCTUIECKON MOIe

2 LT
(1.3) Yi = ao + a12; + a2z +€4,4 = 1,n,
THe €1,9,...,E, - CyTh HemsBecTHBIe N(0,02), ag, a1, as - HensBecTHBIE K02DOUIIEHTHI.
ITo nabmonernsam (1.3) HaIO TPOBEPUTH TUIOTESY
(1.4) Hy:a;=0

IIPOTUB aJIbT€PHATUBLI

H1:a27$0

I'mnoresa Hy (1.4) cocromT B TOM, YTO 3aBHCHMOCTb OTKJINKA OT (haKTOpPa MOXKHO
nepesaTbh MOOEJIbIO

(15) yi:a0+a1xi+5i7i: 17”7

TPU TEX XKe, UYTO M BHIINIE, MPEINOJ0KEHNIX 00 OoMmubKax £1, €9, . . ., Ey.
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2 OnaodakTOpHBIN OUCIIEPCUHOHHBIA aHAJINA3.

[Iycts Habatomatorcd k > 2 He3aBUCUMBIX BHIOOPOK, 00BEMBI KOTOPHIX 0003HAYUNM Yepes
N1, N2, ...,Ng. DJIEMEHTH BHIOODKH HOMeD j, j = 1, k, obo3Ha4MM depes z;;, 1 MeHAETCA
ot 1 no n;. IIpennosoxum, 4To

(1.6) Tij = a5 + €44,

rne €;; (j = 1,k,4 = 1,n;) cyTh HezaBUCHMble OIMHAKOBO DacIpeleseHHble Cydaitibie
BesmuuHbL. Berony B nanbreitmem g;; ~ N(0,0?).

Takas Mome/ib BOSHUKAET, HATIPUMED, TPU CPABHEHNN HECKOJIBKUX CIIOCOO0B 00paboT-
KM, HECKOJIbKIX YCJIOBUI XpaHEHWd, HECKOJIbKUX MeCT pasvemenud u T.0. Moness (1.6)
BO3HUKAET Takke TpH JIo0oi Kiaaccudukanmm o6bEKTOB 1O OJHOMY TPHU3HAKY (OTHO-
daxropraa knaccudukanms).

ITpn cpaBHeHUN c10COGOB OOPAGOTKN YACTO GHIBAET HYXKHO BHIIEJINTH JIyUmuil (uiiu
TPYIIY JIyYIINX, UM TPYNINY HAUXYAMNUX U T.I.) cnocoboB obpaborku. IlesecoobpasHo,
OTHAKO, TPeXJie 3a/1aThCA BONPOCOM: IAIOT JIM HAMIM JAHHBIE OCHOBAHUA NI TaKOTO
BeiGopa? Ilo-BumuMmomy, Het, ecan ¢ HaboneHnamy (1.6) coBMeCTHMa TUIOTE3a

(1.7) Hy:aqi=ay=---=aqy

Jlerko Bunets, uro runoresa (1.4) B monenn (1.3) u runoresa (1.7) B momenu (1.6)
ABJAIOTCA YaCTHBIMU (hopMaMu o01eit TuHeHOM TMIoTE3kI B JIMHEHHOH MOne/in, KaK OHa
dopmysImpyeTca B CIIEOYIONEM pasieJie.

3 OO0maga JuHeUHAd TUIIOTE3a

M1 roBOpuM, 9TO B oTHOMEHNN Habmonerns X (X - aJleMeHT JIMHEHOTO TPOCTPAHCTBA,
B Hammx paccMorperuax X € R™) meilcTByer JimHeliHas Momesb, ecan HabJoneane X
nMeetr cTpykTypy X =1+ &, toe

e [ - HecoyualiHbIt HEW3BECTHBII BEKTOD, KOTOPHIit 3aBETIOMO MPUHAIJIEKUT HEKOTO-
pOMY 3aJIaHHOMY JIMTHEITHOMY TOJINPOCTPAHCTBY L;

e £ - coyuaitHbIil BeKTOD (BEKTOD OmMGOK).

Mompesib Ha3BIBAIOT 2ayccosckot ecan, £ UMeeT TayCCOBCKOe pacmpenesienne. B 60J1b-
mmHCTBe npwioxernit B¢ = 0, D¢ = ¢%I, nmpuuem o2 memssectno. (Takaa dbopma
MAaTPUIBI KOBapuanuit £ 03HAYAET, YTO KOMIOHEHTHI BEKTOpa X HE3aBUCHUMBI U WMEIOT
OIMHAKOBHIE JINCIIEPCHUH. )

Jlunettnas runoresa Hy : | € Ly, toe Ly - 3amanHOoe JMHEIHOE TOMIPOCTPAHCTBO,
npudem Ly C L. AnwprepnaruBoit k Hy BeicTymaer oTpunanne Hy B paMKax JuHEHHON
MOJIEJTH:

e Asbrepnarusa H; : 1 ¢ Ly, Ho nipu atom [ € L.

JIuneitHy10 TUTIOTE3y MOXKHO PACCMATPUBAThH KaK YaCTHHIM ciydait obmelt mapameTpu-
JeCKOI TUTIOTE3bI 0 pacnpenesiennu Habmoneana X .
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[TpennosioxuM, 4To ciaydaitHas BesmumHa X wMeeT NIOTHOCTH f(z,6), tme 6 - He-
u3BecTHbI mapaverp, f € O. (ILI0THOCTH OTHOCUTEILHO HEKOTODOIl Mephl. B Hamem
cJlydae - OTHOCUTEThHO Mephl JleGera B R™).

I'vmotesa Hy COCTOUT B TOM, 9TO TapaMeTp § NPUHAMIEKUT 33TaHHOMY MHOXKECTBY
Oy, 6ostee yskomy, yeMm O: Oy C ©. Kpurepnit, mpenjaraemsbiit njis npoepku Hy : § € O
npotus H; : 0 € © \ Oy, crpoutca no obpasiy kpurepus Heitvana-ITupcona.

o Ilycts A obBo3HavyaeT oneHKY mapameTpa , BBIYUCIEHHYIO 1O HabomeHnio X B
mpeanoJioxennn, uto § € 0.

e [lyctn 6§ obo3HAUAET AHAJIOTMYHYIO OIEHKY, HO BHIYMCJIEHHYIO B IPEOIOJI0XKEHNUH,
uTo f € Oy.

o Kputudeckue cobbITHA Teneph UMEIOT BUIT

(2.1) g ={x. {9
f(X,

[Tapamerp A, Kak OOBIYHO, BBHIOMPAIOT TO 3aAAHHOMY YPOBHIO 3HAYMMOCTH £ U3

yCJI0BUA
P(S|H) < e.

Kpurepnit (2.1) HasbBawT kpumepuem omnoweHull npasdonodobu.
B paccMaTpuBaeMoit Hamu sumeiiHo#t momenu onenku 6, 6 (nns mapw (I,0%)) Ham

M3BECTHBI, ¥ BCKOPE MBI K HUM obparnmvca. B obmeit 3anave B kavectse f(z,6) u f(zx,0)

00BIYHO GepyT X
F(X,8) = max f(X, 0)

F(X,0) = max f(X, 6)

0€0y

[Tostygyaemble IO TAKOMY TIPABUJTY, 3aBUCAIIME OT 3HAYeHNd (OneHKu 6)

6 = argmax f(X,6)

0 = argmax f(X,0)

HA3BIBAIOT OUEHKAMU HAUuboAvUwe20 npasdonodobus (mpn yciaosusax § € © u § € Q).
Kputepnit oTHOmEHNs TPaBaonogoduii Tenepb mMeeT Takne KPUTHIECKne COOBITHS

max f(X, )
Sy=<KX:52 5
max f(X,0
9€00 (X, 6)
Camo Boipaxenue f(X,#), paccvarpuBaemoe kak GbyHKIus §, HA3HIBAIOT 1pasdono-
duem 0.
Orciona M HA3BAHMA: ONEHKM HAMOOJIBIIETO TPABIONONOOUS M KPUTEPUH OTHOUIEHUS
npaBoonomobuit. CpoiicTBa OlNEHOK HaMOOJIBINETO MPABHONONOOUS MBI emme OyaeM mu3-
y9aTh, HO TO3XKE.
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4 IIpuMeHeHMe KPHUTEPHUsS OTHOIICHUSA IIPABIOIION0-
OMli K IIpoOBEpKe JIMHEHHELIX T'HMIIOTE3

[IpumenuM KpuTepuii OTHONIEHWS TPABIOMOHOOWIT K TpoBepke JIMHEHHBIX rumoTe3. B
paccMaTpuBaeMol rayccoBckoit Momenn mpasmonogobue ecTh

(3.1) F(X,0) = (\%ﬂ)n (62) ™2 exp {—2%2|X -1},

[Ipu ycmoBum, uto | € L oneHkn Z, 62 cyTn

(3.2) [ =projiX,
1
6% = lprojro X|? = | X — projr. X7,
n—m n—m
roe m = dim L A
IIpn yesosun, uto | € Lo onenk [, 62 cyThb
(3.3) [= Projr, X,
I 1 . .
62 = |p7"o‘7LéX|2 = | X — proji, X|?
n — My n—mop

roe mgy = dim Ly
X-1? 2
B obonx caydadx TmoKasaTesh SKCHOHEHTH = TIPH TOICTAHOBKE BMECTO [, 07 mX
OIIEHOK TIPEBPAIIAETCHA B MOCTOAHHYIO, HE 3aBUCANLYI0 OT X BEJWYNMHY: B IEPBOM CJIydae
910 - —(n — m)/2, Bo BTOPOM - — (N — My)/2.
[ToaTomy cemelicTBo KpuTmaeckux cobbiTuit (2.1) nys nmposepkn runotesst Hy nmeer
BU]L

(3.4) x . X = projr X
' X —projp X2 |

(ITapameTp A B (3.4) He ToxIecTBeHeH mapaMeTpy A B (2.1); HECMOTpsA HA 3TO MBI
YyIOTPeOUIN 1171 HAX OWH M TOT XK€ CUMBOJI. Kax yxke oTMedasioch B § 4, 1714 HAC BaxKHA
mapaMeTpu3anys CeMeRCTBa KPUTUYECKUX COOBITHH, HO He CBA3b MEXIY PasIMdHBIMU
BO3MOXKHBIMH TIApAMETPU3ANNAME. [109TOMY COOTHOIIEHWE Mex a1y napaMerpamu B (2.1)
n (3.4) MBI MOXeM OCTaBUThH 0G€3 BHUMAHWS. )

Paau nasbreiimero ynpomenns (3.4) BBeneM B pAaCCMOTDEHNE €1Ile OfIHO JIMHEHHOEe TOo/I-
TMPOCTPAHCTBO: OPTOTOHAJIBHOE HomnoJHenne Lg no L. O6osnaumm ero yepes L;. lrax,
Ly 1 Ly, Ly + L1 = L. Teneppr R™ mpencrtaBUMO B BUOE CyMMBbI TPeX TOMAPHO OPTO-
TOHAJIbHB TIOANPOCTPaHcTB Lo, L1 u Lt. (Kax o6wrano, L1 o6o3HadaeT opToroHa BHOE
nonoJiHerne L no Bcero mpocTpancrBa R"):

R"= Lo+ L + L.
B cBasu ¢ atum nia X peficTByeT passioxkeHume
X =projr, X + projr, X + projrr X,
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npuYemM
(3.5) | X — proj, X|* = |projr, X|? + |projr. X .
B cuay (3.5) kpuTepuio oTHOIEHUs TpaBaononobuii (3.4) MOXHO OaTh B
L| i X |?
projr, X |
(3.6) o

n—

> A
m|P7"0jLLX|2 N

¢ yaeToM 3amedanuii x (3.4).
BcnoMaNM, 4TO OLEHKOR 0 o2 npu ycjaosun, uto | € L, coyxut

1
(3.7) ———|projpi X|*.
n—m

DTo HecMellleHHas OlleHKa JJ1d 02, BHe 3aBUCHMOCTH OT TOTO, BEPHA MJIN HET THIIOTe3a,
Hy :1 € Ly. Ecim xe Hy BepHa, To 1J1d 02 MOXHO NIPEIJI0XNTE elle 0JHy HecMeMeHHYIO
OIleHKy, HpI/ITOM CTaTUCTNYECKHN He?)aBI/ICI/IMYIO oT HepBOﬁZ 9T0O

IR
(3.8) — |projr, X|*.
mi

Ecm runotesa Hy HeBepHa, onenka o2 (3.8) mpeobpaxkaer cMemenne - TeM GoJTbIIe,
gem Gosbme |projr,l|?. (Ho o cvemenwn - 9y Th mosxke, Koraa 6yIeM rOBOPUTH O PACTIPe-
nesiernsx (3.7) u (3.8)). IlosTomy KpuTepuasibHasa cTaTUCTUKA B (3.6) - 9TO OTHONIEHME
IBYX HE3aBUCHMBIX OIEHOK mucmepcuu. Ecam rumoresa Hy BepHa, 3TO OTHOIIEHWE OT-
JnYaeTcsa oT 1 TOIBKO 3a cueT cayuailubix Kosiebanmii. Ilpencrasienne o6 mx pasmepe
Jaer pacrpenesenne craructuku (3.6) mpu rumotese.

O6cynmM pacrnpenesieHne CTATUCTUKY u3 (3.6) TpyM TMIoTe3e W NMpH ajbTEPHATHBE.
JleMMma 06 OPTOTOHAJILHOM PAa3JI0KEHHN U3 JIEKIUN 6 TOBOPUT, YTO

projia X2 £ o?x*(n —m),

[projr, X[* £ ox*(my, 4),

IJle TapaMeTp HeleHTpasbHocTH A = % [proj, X |2,
Ecin BepHa runoresa Hy, To A = 0. CyienoBareibHO, KPUTEPUAJIbHAS CTATUCTUKA W3
(3.6) pacnpenesiena kax F'(my,n —m, A):

mrlprojr, X|? d
" L
=

F(mi,n—m,A)

—|projpL X |?

(Cootnomenne (3.9) obbaAcCHAEM, MeXIy NPOYNM, W TMPUHATOE N 3h-OTHOIIEHN
Ha3BaHME JAMCIEPCUOHHOTO OTHOMmeHNs Pumepa.)

[TpumeuaresibHO, uTo Tipn runotese Hy crarucruka (3.9) pacnpenesena cBobomHo (0T
BINAHAS HEW3BECTHBIX mapameTpos [l € Ly, m ¢?). (Dro cBo#cTBO MOJydeHO HAMH
cBepx oxunanuit. Hudro B HAmmMxX BHIKJIAAKAX TOro He obemano.) Iloaromy BHIGOD
KPUTHYECKOTO 3HaueHns A B (3.6) oveHb ympomaercsa: [Jf 3TOTO HAAO (C TOMOIIBIO
TabJInI pactpenesieHns, HAIPUMeD) PEIIUTh yPaBHEHNE

P{F(mi,n —m,A) > A} =«.
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B kavecTBe KpUTUYeCKOTro 3HadYeHus (mJis nposepkn Hy Ha yposue £) B (3.6) Hamo
B34Th (1 — £)-KBaHTUIIb 3-pacnpenesieHns ¢ my, 7 — m cTeneHamMu cBobonsl. Koropyio
MBI yXKe KOorma-to obosnauman Fi_.(mq,n —m).

C BRIYMCJNTENbHOM TOUKM 3peHus Gosiee ynobHolt dbopmoit nig cratucrukm (3.9) mMo-
xKeM ObITh BHIpakKeHne

.10) e |projr X — proji, X|?
' X — projp X |?

n—m

UTak, mosiy9nsm CTaTUCTUYECKOE TTPABUIIO:

e Ortsepraem runotesy Hy Ha ypoBHe €, ecoin crarucruka (3.9) mam (3.10) mpeBocxo-
ot Fi_.(my,n —m).

W3 cBoiicTB ah-0THOMEHNA CJAEIYET, YTO MONTHOCTH TOTO KPUTEPUA MOHOTOHHO BO3-
pacTaeT BMECTE C POCTOM HapaMeTpa HelleHTPAJIbHOCTH A = 0—12|proj X%

5 IIpmmep: nBe HOpMAaJIbBHBIE BHIOOPKH.

PaCCMOTpI/IM IB€ HE3aBUCHMble HODMaJIbHbIC BbI60pKI/I

2
® T1,To,..., Ty, e T; ~ N(a,o?)

n

® Y, Y2,--.5Yn, TOE Y; ~ N(b702)

NIAPAMETPHI G, b U 0 °HEN3BECTHBI.
[Tonsexkamas mMpoBepKe ITUMOTE3A
(4.1) Hy:a=0,

AsibrepHaTuBa K Heit
H1 . a 7é b

B (n + m)-MepHOM IPOCTPAHCTBE PACCMOTPUM BEKTODHI

Z = (:Ehx??'"7:EM7y17y27"'7yn)T

£ = (El; Ce. 7§m7§m+17 s 7§m+”)T

rre £, &, . . .cyTh Hesapucumbie N (0, 0?).
BekTop Z MOXHO IpEeNCTaBUTh B BUIIE

Z =ae; +beg + ¢
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fAcHo, uTo Z cienyeT JuHERHO# rayccoBckoit monenu, npudem EZ € L(ey,es), Tae
L(e1, e3) obosHauaer (AByMepHOe) JMHEHHOE MOANPOCTPAHCTBO C GasmcoM e, e;. Ilpm
runioreze Hy BekTop FZ jleXWT B OMHOMEPHOM JIMHEWHOM TOANpPOCTpaHCTBE Ly, TOpO-
KJIEHHOM €IWHCTBEHHBIM BEKTOPOM €1 + €.

Hnsa nposepkn Hy mporus Hic nomompio craructuxu (3.10) HaIO BHIYUCIUTD

lprojrz — proji, Z|* m |Z — projr Z|?

Bynem ncnosib3oBaTh 0003HAYEHUA

1o, 1 o )
f:aizzlﬁz,sw_mizzl(lbz—f)
I 2 1 & _\2
y - ,n/jglyjysy - n— 1 jZI(y] y)

Jlerko BumeTn, 4TO
projrZ = Tej + yea,

projLoZz( m T+ n g) (e1 + e2).
m—+n m—+n

Orcrona
|Z — projrZ* = (m — 1)s5 + (n — 1)s;

e )

[proji, projryZ| mtn

B sTux obo3HAYEHNAX CTATUCTHUKA (3.10) ¥ TOCJENYIONEE CTATHCTUIECKOE TPABUIIO
TAKOBBEI:

e Oteprars Hy : a = b Ha ypoOBHe £, ecan

mn(m +n —2) (z—9)°

(4.2) -
mEn Y (m—-3)2+ X (4 — 7)°

>F _(L,m+n—2)

O6wrano BMecTo ad-craTucTuky (4.2) paccmarpusaior cratuctuky CThionenTa ¢, mpu-
2
ueMm t° = F'

mn

(4.3) t= min® —0)
displaystyle\/m[(m —1)s2 + (n — 1)s2]

displaystyle

ITpu runorese Hy cratuctuka (4.3) pacupenesiena no CTbiofeHty, ¢ m +n — 2 cremne-
HAMH CBOOOIHI.
C nomomipio (4.3) MOXKHO OTHETHHO MPOBEPATH Hjy IPOTHB OJHOCTOPOHHWX aJIbTEPHA-
THB: //IPOTHUB NPaBOCTOPOHHE(
H*:a>b

WJIN JIEBOCTOPOHHEN
H™ :a<b.
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6 3akJiroueHHeE

Teopus rayccoBCKuX JIMHEAHBIX MOAE e COCTaB/IAeT KJIACCHIECKYIO TJIABY MATEMATHIE-
CKOM CTaTUCTUKM, ee GOJIBINOe NOCTIMXKEHNE W JOCTossHMe. BmecTe ¢ TeM, ¢ IPHUKJIAIHOR
TOYKY 3PEHHsA, TayCCOBCKNE METOIBI HE CBOOOOHBI OT HEIOCTATKOB M OrPAHMYECHUA.

DTy MeTOoMIbl He CJIENyeT MPUMEHATh, CJI PachpeNesHue HabJonennii (nim ommbox)
OIIPENEJTHHO He TAyCCOBCKME. B CTaTMCTMYeCKNX 3a0a49aX 3a MpeaeaMy reoae3nu, acTpo-
HOMUM ¥ T.II. HETAYCCOBCKME OIMMOKM - 3TO, CKOpee, IIPABUJIO, YeM UCKJIIOUEHNE.

TayccoBckme MeTompl (K KOTOPHIM # 3[€Ch OTHOIIY M METON HANMEHBIINX KBAIPa-
TOB) IPUMEHATH OIIACHO, €CJIN PACTIPENEIeH s OJIM3KY K TayCCOBCKMM, HO HE MCKJTIOYAIOT
TIOSABJIEHNS JAJI€KO OTCTOANMX OT NeHTpa Habmonennii. (VIx HaswBaoT rpy6piMu ommmt-
KaMu uin euopocamu.) CTaTUCTHYECKNE ONEHKN (M APYTHe MPaBUJIa) ONTUMAJbHBIE IS
rayCCOBCKUX PAaCIpeneeHn, 0Ka3hbIBAIOTCHA YyBCTBUTEJIbHBIMU K BhiOpocaMm. [Haxke He-
OoJIbIasA 0JId TAKWX ~ 3acOopAIoNux’ 3HadYeHu#t B 0OIIeM MaccuBe JAHHBIX MOXKET paau-
KaJbHO M3MEHUTh PE3YJIbTATHl CTATUCTUYECKOrO aHAJIN3A.

[TosToMy njisi TpHUJIOKEHWA HYXHBI M JPYrue craructTudeckme meromgbl. OO omHOM
U3 HUX, HE ONMPANMEMCH Ha KaKylo-Jaubo IapaMeTpmyecKyio (hopMy pacupenesieHuit
(1 MOITOMY HA3HIBAEMOM MAPAMETPUYECKNM), MPOCTOM MATEMATHYECKH M JOCTATOYHO
YHUBEPCAJIbHOM, OyIeM pacCKasbiBaTh JaJiee.
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Jlekimma 12

Panrosnie meronni: Kpurepuii paHroBeIX CyMm
(Wilcoxon)

1 OOb6mee omnpene/ieHNEe PAaHTOB

Or 110601t YnCII0BO# MOC/IENOBATETFHOCTH (B KOTOPO# HET TOBTOPAIONIUXCS YMCEIT) MOXK-
HO TIEpeiiTH K TOCJIEIOBATEILHOCTH UX HOMEPOB, €CJIM yKa3aH TPUHIUN WX JIMHEHHO-
ro ynopanouenns (Hymepanuu). OOGBIYHO YMCJIOBBIE COBOKYNHOCTH YIOPAIOYUBAIOT OT
MeHbIIero K GoJibimemMy, T.e. B BospactawomeM nopsanke. (Ho GeiBaeT n mo-npyromy. )

Howmepa, xoTOpBIe TOYyYnIN 3JI€MEHTHI YMCJIOBOI MOC/IENOBATETLHOCTH TP YIIOPSA-
OYE€HNHT, HA3BIBAIOT UX PAH2GMU.

(ITonaTHO TpebGoBaHMe, YTOOBI B COBOKYITHOCTH He OBLIIO ONMMHAKOBBIX YHMCEJI: HESCHO,
KaK yIOpAI0YATh ONMHAKOBbIE Yncya. VM Hamo Obl 1aTh oiMHAKOBBIE HOMepa). Kax Obl
He TPOBOJINJIOCH YIIOPAI0YEeHNE YUCJI0BOI COBOKYTTHOCTH, COBOKYITHOCTbh X PAHTOB - 9TO

OJTHA W3 MEPECTAaHOBOK HATYPAJIbHBIX unces 1,2,...,n, ecau n - YUCJAEHHOCTh UCXOTHO
COBOKYTTHOCTH.
ITycthb Temephb uCXomHas COBOKYTHOCTh X = (&1, Za, ..., Ly, ) - BHIOOPKA U3 HEKOTOPOTO

HETPEPHIBHOTO pacnpenesierns. C BEPOATHOCTHIO 1 3Ta BHIGOPKA HE MMEET OIWHAKOBBIX
3JIEMEHTOB.

PaccMOTpUM PaHTY BEJIWYNH L1, Ly, - - - , L. J1J1 ONPEIETIEHHOCTH, TIPY YTIOPATOICHAN
B nopszike Boszpactanna. O6osHaunm n3 uepes R(z1), R(xs),. .., R(zy).

OcHOBHOE CBOMCTBO CJIy9aitHBIX DAHTOB:

- 1
P(R(X) = ’F) = P(R(IEI) = Tl,R(IEQ) =T9,.. ) = E
tae (r1,Tg,...,Ty) - IPOM3BOJIbHAA TIEpecTaHoBKa uncen (1,2,...,n).
BaMeTnM, 4TO pacupeneseHne PAHTOB - PABHOMEPHOE M He 3aBHCUT OT TOTO, KAKUM
OBLIIO MCXOHOE DACTIPENIEJIEHNE CAYIailHbIX BeMYuH (I, Za,...,T,), T.e. BHIOOpKE X.

(EcJsin mcxomHOe pacupenesienne - HempepbiBHOE).

2 CpaBHeHHe IBYX BBIOOPOK, MOTYIIHUX OTJINYATHCSI

CIBUTOM

e Ilyctb X = (%1,%9,...,%,) - BoIOOpKa, dbyHKUNA pacupenesaenns P(z; < u) =
F(u);

e IIyctb Y = (y1,...,Yn) - BoIOOpKaA U3 F'(u — 6), HesaBucumas ot X

e 3nech § € R' - mapamerp casura, F'(-) - HenmpepsiBHas QYHKIMH, B OCTAJIHLHOM -
HEN3BECTHA.

B sToit moctanoske HamO
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(a) IIposepurh runoresy H : § = 0 mpoTUB JIeBO- U TPaBO- CTOPOHHWUX AJbTEPHATHB
H-:0<0,H":0>0;

(b) Ilocrpouth nOBEpUTESILHBIE HHTEPBAJIBI 114 0
(c) Ykasarh TOUYEUHYIO ONEHKY 6.

Bce 3T0 BO3MOXKHO C TIOMOMIHI0 PAHTOBBIX CPEICTB.

Panrossiéi Merog, (nposepku runoress H)

Pacemorpnv o6benmuenHy0 coBokymHOCTh (X, Y):

T1,X2y - -y Ty Y1, Y2, - - -, Yn-

Ot uucen {z}, {y} nepeitnem x ux panram B o6benuHeHHO# coBokymHOCcTH (X,Y).
O6osHaunm paHru urpokos depes S : R(y;) = S;.

fAcuo, uto npu runotese H B kavectse (S1, Ss, ..., Sy) C OMMHAKOBBIMI BEPOATHOCTS-
MH MOXET TMOABUTHCHA J100ad COBOKYITHOCTh 7 YMCEJI, B3ATHIX W3 OTPE3Ka HATYpAJIbHOM
nocyenoBaTeabaocTn 1,2,..., N, tne N = m + n.

Dta BepoaTHOoCcTh paBHa 1/[N(N —1)...(N —n+1)].

B wactrocrn, P(R(y;) = S) = & mna moboro S =1,2,...,N.

YT06bl TOHATH, KAKOBO PACTIPE/IETIEHNE PAHTOB UTPOKOB (S, Sa, . .., Sy,) Ipn ambTep-
HatuBax H~ wim H™T, npencrasum BHIOOPKY m3 Y Kax TpomosxKeHne BHIGOpKK u3 X, HO
”co coBurom”:

hn :0+xm+17---7yn:0+xm+n

31€eCh Timt1, T2, - - -, Tintn - HE3ABUCUMBIE (B COBOKYITHOCTH ), N HE3ABUCAIINE OT L1, L2, - . -
cjlydaitHble BEJIMYMHBI, NUMEIOMNE Ty Xe (4T0 T1,ZTsg,...,T,) OYHKINIO DPACIpENeseHns

Tenepsb dacHo, uTO:

e Ecom HT : § > 0 (anprepratnsa H), 10 P(y; > 7;) > 1.
1

e Ecsin xe H™ : 0 < 0, To BepHO IPOTHBONOJIOKHOE HEpaBeHCTBO P(x; > y;) > 3

[Tostomy mpu HT : § > 0 ny1s urpekos, T.e. s caydaiiabix Besmuand (51, Se, . . ., Sy)
6oJ1ee BEpPOATHBI 3HAYEHNA W3 MpaBoi wactu pana 1,2,..., N, 4em u3 JeBoi.

IIpn H~ : # < 0 - naobopor, mya panros (S, Ss,...,S,) 6ojee BEpOATHBI MaJble
yncaa u3 1,2,..., N.

—

BbisiBJIeHHOE pa3jinume B PACTIPENEJeHNsAX S TpHW TUTOTe3e W NPH AJbTEPHATHBAX
MOXKHO YCHJIUTh,eCJIM B KAYeCTBE KPUTEPUAJBHON CTATUCTUKM B3ATh UX CYMMY. OTO
- TaK HasbBaeEMad CMAMUCMUKe Yuakokcowa, WM, 4yTh TPOCTPAHHEE, CIMAMUCTMUKG
panzosux cymm Yuarorxcona (Wilcoxon):

Wm,n = Z Sj
j=1

Kax ciemyer m3 ckasaHHOTO paHee, nipu runorese H (T.e. B ciydae OTHOPOTHOCTH
BoIGOpOK X m Y') cratuctuka Wy, , pacuperneseHa cBOGOIHO: ee PACIPE/IESIEHNE HE 3aBH-
CHT OT TOro, KakoBa (HempepwiBHas) dyukuua F'; pacnpenesenue Wy, , OQMHAKOBO 1J1d
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Bcex Hux. [lostomy pacnpenenenne Wy, , mpu runorese H MOXHO BHIYNCINTD A4 10007
Tmapbl HATYPAJBHBIX YHUCEJ M U 1. ITHU PAcCTpenesiennsa TabyIupoBaHbI.
I[Ipn amprepraruse H niaa Wy, , cranoBaTcA 60J1ee BEPOATHBIME OOJIBIINE 3HAUEHNA:

oadg z > 0
PWyn > 2|H) > P(Wpp > 2|H)

[Ipn H~ cupaBenyimBo MPOTUBOMOJIOXKHOE HEPABEHCTBO:
P(Wppn < z2|H") > P(Wpp < z|H)

B3saB Bo BHMMaHMe TH Pa3ndusd B CTATUCTUYECKOM NoBenenun Wy, , npu rumorese
1 aJbTEPHATHBAX, MOXKHO TPENJIOKUTH TpaBuia nposepkn H nporus H~ ombo H™.

IIpasusio nposepku H mporus H*

1. Bribupaem ypoBeHb 3HAUUMOCTH £ > (.

2. Io samannomy € > 0 (¢ momombio Tabuisl pacnpenesenus W, , Opu runorese)
HaxonuM (1 — €)-kBanTmib W, ,, - T.e. Takoe dnciao w(e,m,n), 4ro:
P(Wyp > w(e,m,n)|H) =¢

(JIyumre BHIGpATh £ Tak, 9TOOBI 9TO YPABHEHNE MMEJIO PEIIEHNE - U3-3a JUCKPETHO-
ctu pacupenesernsd W, , 5T0 BOSMOKHO TOJIbKO [JIA HEKOTODPBIX 3HadUeHNH €)

3. Omnposepraem H B monssy H' Ha ypoBHe €, ecsn HabmoneHHOe 3HadeHnme W, ,
PaBHO WM MPEBOCXOOUT w (&, M, N), T.e. €Cn

HabIL. W, > w(e, m,n)

[IpaBusio mpoBepkm H mpoTnB H ™~ BBINIAIUT aHAJJOTUYIHO, C €CTECTBEHHBIMI N3MEHEe-
HUAMN.

Eciu xe ¢ rumoresoit H KOHKypHpyeT ABYCTOPOHHAA ajbTepHaruBa H :  # o, To
TPaBUJIO BBITJIAIUT TaK:

e omposeprath H B mosansy H, ecnm Hab/II0JeHHOe 3HAYEHWe Wnn Hajieko (J1erko
YTOYHATb, ITO ITO 3HAYAT) OTKJIOHAETCA OT HEHTPa pacupenesenud W, , mpn H.

Tax Kak 3TO pacupenejieHne CUMMETPUYHOe (IpoBepbTe!), TO YHOMAHYTHIH NEHTP
paseH EyW,, . (MHmzexcoM HOJIb OTMeYaeM paclpenesienns, cooTBeTcrByomue 6 = 0).

IIpoBeputs, 9TO

BoWipp = M

MO}KHO noKa3aTb, 4TO CbYHKIII/II/I MONITHOCTH IIPUBCOCHHBLIX KPUTEPHUEB BO3PaCTalOT II0
Mepe yaajiennd 3Hadenus § ot 6 = 0.
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3 CBaA3b TO0BEpPUTEJIHbHOI0 OIEHUBAHUSI M IIPOBEPKH
TUIIOTES

[Iycts X - mHabatonenune, Py - pacupenejenue X, - Hen3BecTHBIH mapaMeTp.
[IpennosioxuM, 9TO OJid MPOBepKM TunoTesnl H; : § = { MBI pacmojiaraeM CTaTUCTU-
YEeCKUM KpUTepueM, ypoBeHb kKoroporo < e. Ilycts §(X,t) - mHnmkaTtopHad HyHKUMA
kpurepud. (OrBepraem H; : § =t, ecom 6(X,t) = 1.)
IloBepuTesibHOE MHOXKECTBO NI TapaMerpa ), ¢ TOBEPUTEIbHOI BEPOATHOCTHIO >
1—¢
C(X)={t:46(X,t)=0}

T.e. moBepuTE/IbHOE MHOXKECTBO 00Pa3yIOT Te 3HAUEHNd NapaMeTpa, KOTOPhle COBMe-
crumbl ¢ HabsoeaneM X (Tounee, ¢ X COBECTUMBI PACIPENE/IEHNs BEPOATHOCTEN ).
Jlerko BumeTn, 4TO
Pyl eC(X)>1—c¢.

160 cobbitne € C(X) osmauaer, uto 0(X,t) = 0, T.e. runoTesa, YTO UCTUHHOE
3HaYeHNe TAPAMETPAa €CTh ), He OTBEPrHYTA - 4 TIPK napaMeTpe  3Ta BepoaTHOCTh > 1 —¢.
[Ipumep

Ornenka (moBepuTeTbHASA) COABUTA OJHON MapaMeTPUYECKON BHIOOPKM OTHOCH-
TeJIbHO OpPYTOoH.

IIyctn
o X = (z1,%2,-..,%,)- BHIOOPKa n3 N(a,o?),
o Y = (y1,%2,---,Yn)- BoIOODKa u3 N(b,0?).

Bneck § = (b — a) - casur BEIGOPKM Y OTHOCHTEJHHO X .

Ilna nmpoBepku tunoressl Hy : a = b, T.e. Hy : § = 0 MBI pacnojiaraeM CTaTUCTHKO#R
N2

mn_ (T — %)

F =
m-+n s2

PaccmorpuMm runoresy 6 = t, ¢ - 3amano. MoxeM cBecTH 3aa4y K TPEIbIOYINeit, ecan
BBIGOPKY Y mpeoGpasyem B Z = (21, 22, . ..,2n), THE 2; = Yj — L.
Z=(m=yh—tzo=Y—1t...,2, =Yp — 1)
KpurepunabHasa crarucTuka asd npoBepku H; : = t Tenepb paBHa:

mn (T —7—1t)>
m-+n 52

(3amern™, 9TO TpW TakoM MpeoGpasoBaHuy Y B Z ONEHKA AMUCIEPCHH S° HE M3MEH-
ercs).
Pematomee npasuio njig nposepkn Hy : § = t HA ypOBHE 3HAYMMOCTH £: HE ONPOBED-
rath H;, ecom
mn |T—gy—t|?

m-+n 52 < tie/z
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Pemas 310 HEpaBEHCTBO OTHOCUTEJIHHO 1, IOJIYyYnNM JJid § TOBEPUTETbHBINN MHTEPBAJT

F— g — | — st t
- Y- S mmn_ Sti—¢/2
m-+n 1-¢/2<0<3—F+4 | */
m-—+n

(Kpuruaeckoe 3Hauenne t;_/, HAXOIUM C IOMOMIBIO Tab/1uI, pacupene and CThioneH-
Ta ¢ m + N + 2 creneHaMu CBOGOIH).

4 JloBepuUTe/JILHOE OIIEHWBaAHME IIapaMeTpa CIBUTA
OIHOM BBIOOPKHM OTHOCHUTEJILHO JIPYyrou

JoBEpPUTEHLHYIO ONEHKY TIAPaMeTpa CIBUTA OIHOH BHIGOPKYM OTHOCUTEJIBHO IPYTO# MOXK-
HO TIOJIyYWTh U JJisl BHIGOPOK, PACTIPEIEIEHHBIX He TI0 HOPMAJIbHOMY, HO TIO TIPOU3BOJIb-
HOMY 3aKOHY (/uIb Obl HETPEPHIBHOMY). [Ijisi 9TOTO HAI0 BOCTIOJIB30BATHCHA CTATUCTH-
9EeCKUM KPUTEPUEM, NeHCTBEHHOM B 3THX ycjoBuaxX. CKaxeM, KpuTepueM YUIKOKCOHA.
Kpurepnit YuIKOKCOHA HAJIO0 TPUMEHATDH JJId TIPOBEPKY TUIOTE3bl OJHOPOIHOCTH BHIGO-
POK

(%) Z1,Z2, ..., T UYL — b, y2 — t,..., Y — T JAJ151 IPOM3BOJILHBIX T € R'.

O6osHaunm craTucTnky YuikokcoHa mis (*) gepes Wy, (1)

n
Wonn(t) = > R(y; — 1)
i=1
Temnephb 10BEPUTETbHOE MHOKECTBO [IJI HEM3BECTHOTO MCTUHHOTO 3HAUEHUS TapaMe-
Tpa casura 6 (IoBepuTesbHAA BEPOATHOCTH KOTOPOTO paBHa 1 — 2a/) ecThb
(xx) {t :nN —w(a,m,n) < Wpn(t) < w(a,m,n)}

Octaercd naTh ABHBIH BUI 3TOMY HOBEPUTEIHLHOMY MHOXECTRBY.

Paccemorpnm crarnctuky W, () xax dbynkmmio nepemensoro ¢t € R'. Ilpu t — —o0
(T.e.11g 3HAYEHWH ¢, GOJIBIINX MO MOLYJII0 W OTPHIATEbHBIX) KakI0€ 3HAYEHNE Y, — t,
j = 1, n npeBocxomut Jjioboe 3HaUeHUE x;, ¢ = 1, m. [loaTomy 3mech

Winn(t) =N+ (N-1)+...+(N—(n—-1))
T.e. paBHO max Wy, , = nN — @ = in(n+2m+1). [Ipu { — 00 IO NIPOTHBOIOIOKHBIM
COOTHOIIEHUAM MEXAY Y; — t M &; HAXOMUM, 9TO 31€Ch
n(n+1 )
Win(t) =1+2+...+n= %zmmwm,n

Hanee ormernM, urto W, ,(f) MOHOTOHHO He Bo3pacTaer (yObIBaeT) Korma ¢ pacrer,
M 9TO KaXJ0e yMeHbIIEeHNe BeJnIuHbl Wy, , TPOMCXOOUT CKAYKOM HA €QWHMILY, KOTIa t
IIEPEXONNUT Yepe3 ONHO U3 mn ducen x; — y; (1 = 1,m, j = 1,n).

(dng korTposa: max W, , +min Wy, , = 2E,W,, ,, max Wy, , —min W,,, , = mn, T.e.
paBeH KOJIMUECTBY €IWHUIHBIX CKAYKOB).

I'padux dyukimmn y = Wy, o(t), t € R
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Y max Wi, ,
L
[
L
ato w(a, m,n)
L ]
aro nN — wa, m,n
[} .
. minWp,
IMOB.MHTEPBAJ 1 0
< | e B N N A P -
(miny; — max ;) (maxy; —minz;) ¢

Panu mexoTophlx masibHefimmx ymobcTB npu ¢ = y; — T; TOJIOXKUM men(t) paBHBIM
MOJTyCyMMe TIPENeJIOB CIIpaBa M CJIeBa. DTO PABHOCUJILHO COTJIATIEHWIO, YTO TIPU PaH-
KUPOBAHUY COBIIAIAIONINX 3HAUEHNH Mbl IPUMUCHIBAEM BCEM MM OJWHAKOBbLIE (CpEIHME)
PAHTH.

W3 coitctB dyukunmu Wy, (1) u ee rpaduka ciegyer, 9T0 JOBEPUTEHHOE MHOXKE-
ctBo (**) ecTh MHTEPBAJ; €T0 KOHIAME CJIYXKAT HEKOTODPHIE 3JIEMEHTHI M3 MHOXKECTBA
{z; — Yt =1,m,5 = 1,n}, KOTOpble HETPYIHO YKa3aTh TOYHO. I 9TOTO CKa3aHHOE
MHOXECTBO HYXKHO YHOPAIOYNTD, a, 3aT€M, BHIOPATh TOPATKOBbIE CTATUCTUKN C HYKHBI-
mu HOMepamu. (V13 pucyHKa BUIHO, Kakme 3TO HOMEpA).

5 TodeuyHas OIeHKA COBUTa (BEJIHMYUHEI 0).

Cratuctuka Wy, ,(t) KOJIMIeCTBEHHO BHIPAXKAET CTENEHb COIVIACHA (OQHOPOTHOCTH) OBYX
BBIOOPOK: Z1,Z2,...,%n U Y1 — b, Y2 — t,...,Yn — t. Yem Gostee orkjoHsmerca W, (%)
ot EgyWpp (0T 0XMIAEMOTO 3HAYEHUS Wp,n TP TOJTHO#M OIIHOPOJIHOCTH), TeM GOJIbIIe
(cusibHEE) PasIMUYAOTCH BHIOODKM. DTH OB BHIOOPKM TeM GJIMXKEe K OTHOPOIHBIM (ecsiu
MEPHUTH C TOMOIIBIO CTATHCTAKN YHJIKOKCOHA), deM Ommxke W, (1) x EgWiy, 1.

Otciona BHITEKAET NPENJIOKEHNe: BLIOPATh B KAa4eCTBE TOYEYHOI OIEHKN HEM3BECT-
HOTO COBWTa f BeIMUUHY ] TaKylo, 4TO

Wmn(é) — EOmen( Te. = M

W3 rpacduka BugHO, 9YTO

0 = med({z; — vt =1,m,j =1,n).

(Tax maspiBaemas Menuana Xomkeca-Jlemana).
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Jlekimusa 13.
Panrosbie meTonbr:

Craructuka Y MJIKOKCOHA,
AcmMnToTudecKass HpMaJIbHOCTh CTATUCTUKH
PAHTOBBIX CyMM ¥ HJIKOKCOHA.

1 Iliaan.

Teopema 1

IIycetdb (21, ..., Zm) ¥ (Y1, .-+, Yn) CYTh HE3ABUCUMbIE BLIDODKHU U3
HeTIPepPLIBHBIX paclpene iennii, craructuka Wy, , paHTOBBIX CyMM Y MJIKOKCO-
Ha BBIYKCJIEHA TI0 9TUM BbiOOpkaM. Torma, mpu m,n — 00

Wm,n - EWm,n
DWpn

25 N(0,1).

Benem craructuky Manua-Yurtan (Mann- Whitney):

n

Hm,n = iZI(IEZ < yj).

i=1j=1
C BepoaTHoCcThIO 1
n(n+1)
2
[Tocemy njid mokasaTesibCTBA TEOPEMBI 1 IOCTATOYHO TOKA3aTh
Teopema 2

Wm,n = IImn +

B ycioBuax Teopemsr 1
Hm n - E Hm,n

3

25 N(0,1)
DHp,

Teopema 2 - 310 uwacTHBI! cayuait obmelt Teopembl 06 aCUMITOTMYECKOM TOBEME-
HAW Tak HasbiBaeMmoit U-statistics. (B mamHom ciydae, Hp,, - 9T0 aByBbIGOpouHas U-

CTATHUCTHKA)
m n

Um,n = Z Z f(x“y])

i=1j5=1
MpnI moka)eM CJAENYIONyI0 TEOPEMY:
Teopema 3

IIycrs (21,...,%m) U (Y1,-.-,Ys) - ABE HE3ABUCHMBIE BHIGODKH, (DYHKIMSA
f(z,y) TakoBa, uTo

Ef2($1,y1) < OO7E(E[f(x17y1)/x1])2 > 07E[E(f(x17y1)/y1)]2 >0
Torma, mpn m,n — oo:
Um,n - EUm,n

45 N(0,1)
DUpyn
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ILlnan meficTBuit TakoBs:
e [lokazaTh TeopeMmy 3.

e 3aTeM BHIBECTH M3 HEE TEOPEMY 2, OTPAHUYMBAACH CJIYUYae€M OJIHOPOMHBIX BHIOOPOK,
TMTOCKOJIbKY 9TOT CjIy4dail [jisdg Hac OoJiee BaxkeH, W, TOCKOJIbKY B 3TOM CJydae JIETKO
BBIYNCINTD EoHy, p 1 DoHy, .

e Teopema 1 m3 Teopembl 2 BeITEKaeT HENOCpPEACTBeHHO (K Tomy xe DW,,, =
DH,, ).

ITo xomy mokasaresbcTBa Teopembl 3 HaMm OymeT HEOOXOOMMA TaK HA3HIBaeMasd
Teopema Ciryikoro

e Ilycrb ciayuaitHaa mocjenoBaTesbHOCTL {&,,n > 1} mo pacmpeneseHuio
CXOOUTCA K caydaitnolt Besmunne &;

e Ilycrb cayuvaiinas BeawduHa {7),,n > 1} CXOOUTbCA MO BEPOATHOCTH K
nocroaaaoi seqnunne C.

Torma, mpm m,n — oo

(a)
n+1n —5E4+C

(b)
Entln — C€
2 JlokazareqbcTBO Teopemsbl 3

Bwmecro z;, y; 6ymem mucars X, Y. s npocrorsl mpeqmostoxum, 9to Ef(X,Y) = 0.
Torna EUp,, = 0.
Bsenewm cayuaitabie Besmaunab o X) n 3(Y):

o(X) = E[f(X,Y)/X],  B(Y)=E[f(X,Y)/Y]

ITpencrasum Uy, , B BUIE

(o) — ale) — Blu)] + 303 o) + Bla)] =

1 i=1j5=1

Um,n = Z

m n
i=1j=

rae
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Hanee npo6s Uy, n/+/ DUy, r, TIPEEbHOE TIOBEIEHNE KOTOPO# €cTh Ipenmer Teopembl
3, korna EUpy,, = 0, npencTsiseM B BUE:

n3a@)+m % fly) | Dln 3 ale) +m 3 fy)

Um,n . = Am,n
’ D[nY_ elzs) +m Y Bly;)] ~ ~ - X
i=1 j=1 G fm.n
Emn
WJIN, KOPOTKO:
U,
= Em,nCm,n + nm,n-
DUy,

Ilna nokazaresbcTBa TeopeMbl 3 IOCTATOYHO TOKA3aTh, YTO
(a) Cpp — 1,
d
(b) fm,n — N(O, 1)7
p
(€) Nmn — 0.

3arem mpuMeHuTH Teopemy CaylKoro.

3 Bsoiunciienue nucnepcuu U-CcTaTUCTHUK.

KimodeByio posib urpaet Boiuncienne nucnepcun U-ctatuctuk. [1osToMy MBI BhIIEIgeM
9TO B OTHEbHBIH maparpad. Tak xkak Ef =0, To

DUm,n = EUfn,n = Z Z Z Z Ef(xhyj)f(xi’:yj’)-
=1 i'=1j=1j'=1

Crosamnyio B mpaBoit 4acTu cCyMMy TPEICTABUM B BUIE YETHIPEX CJATAEMBIX, KaXKJI0€
73 KOTOPBHIX €CTh CYMMa, TIe WHAEKCH YIOBJETBOPAIOT YCJIOBUAM:

=2 E AT,
Y= 2 =790 #7),
Y= #F =1,
=22 i=d5=7)

1. ¥, =0, tx. Ef =0.
2. ¥, = mn(n — VEf (1, 1)/ (21, ) = mn(n — 1)Da, Tax xax
Ef(z1,y1)f(21,92) = EE[f(z1,y1)f (31, 92)/21] = E{E[f (x1, 1) /71| E[f (21, y2) /21]}
— Fo(z1)a(s) = Da,
w60 Ba(z1) = 0.
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3. 33 =mn(m — 1)Df - anajornano
4. Sy =mnEf? =mnDf(z,y).
[TosTOoMmMy

DUy, n, = mn(n — 1)Da+ nm(m — 1) DB + mnDf.

4 Jloxa3aTe/JhCTBO BCIOMOTaTEeJILHLIX YTBEPXKICHUMN
n3 nmaparpada 2.

e YrBepxkeHue (C) €CTh CJIEICTBIE HEPABEHCTBA UebbimeBa I Ty, pn, NO0

DA,
mn[Da +mDg + Const]

Dnm,n = — 07

Tak Kak (B cuny maparpada 3):
DAy = mnD[f(z1,31) — &(z1) — B(y1)]
u6o mis byskmmn f = f(z1,y1) — a(z,) + B(y,) craraemsre Y3 =01 3y = 0.

e YrBepxeHue (a) oueBHAHO, N6O

D[ni al(z;)) +m zn: B(y;)] = n*mDa + m*nDg.

i=1 j=1

e VYrBepxaenue (b) ecth onHa 13 GopM NEHTPaIBbHOI TIpenesbHOl Teopembl. Ee sier-
KO I0Ka3aTh METONOM XapaKTEePUCTHYECKNX (PYHKIWIA, TI0 aHAJIOTHN C JOKA3aTe b
CTBOM TIEHTPAJIbHOM TIpeNebHO# TeopeMbl /1 CyMMbl HE3aBACHMBIX, OIMHAKOBO
PaCIIPENE/IeHHBIX CIy9aliHbIX BEJTMYNH.

5 HoxazareqabcTBo Teopemsbr Ciryrikoro.

OrpaHnvych 0Ka3aTeIbCTBOM YTBEPXKIEHUA (a).
Hano nokasars, uro ajsa 060l HenpepbiBHOI orpannvennoit dynkmun f(-) cipasen-
JIMBO YTBEPXKICHNE

Ef(én+mm) = Ef(E+C).

oxaxeM 3T0 yTBepKAeHMe. TodHee, MBI TIOKaXKeM, 9TO TIPHA 71 — OO

Elf(én+m) — f(E+C)] = 0.

BameTn™, uTo ajid Joboro £ > 0 cymectsyer A > 0, Takoe, uro P(|€| > A) < e.
[TockoabKy &, N &, TO I MOCTATOYHO OOJIHIINX 70

P(|¢] > A) < 2e.
Hanee: nas maoboro 0 > 0 118 JOCTATOYHO GOJIBIINX 71

P(lp,—C|>d) <e
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TK. 1, 5 C.
[TockoabKy

E[f(§n+77n)_f(§+c)] =

(*) :E[f(§n+77n)_f(£n+c)]+E[f(§n+77n)_f(§+0)]

JOCTATOYHO TIOKA3aTh, YTO KaXI0e W3 IBYX CjaraeMbix B mpaBoit wactu (*) mjs mocra-
TOYHO OOJIBIINX 7% CTAHOBUTHCA MEHbIe JTI000TO HaNepe 33 JAaHHOTO YNCJIA.

Haunem ¢ mepBoro n3 HUX.

Paccmorpum

E[f(§n+77n) _f(§n+c)] =
= E[f (60 + ) — (& + O] < A) + 1([€] > )] (| — C| < 8) + I(|m — C| > 6)]
= E[f(én + ) — f (& + ONI([€] < A)I(jm — C| < 6) + Rn

Yepes R,, 0603Ha9€Ha CyMMa, COCTABJICHHAA W3 TPOYMX CIATAEMBIX, KOTOPHIE IOJTyYa-
I0TCsA, KOTZIa MBI pacKpoeM ckobkm. B kaxmom u3 stux ciaraembix ectb jnbo I (|E] > A),
aubo I(|n, — C| > §), mmbo oba.

Kaxmoe 13 yIOMAHYTHIX CJIATa€MbIX MOXKHO ONEHHTH TO MOIYJII0 CBEpXy Kak 2Me,
rne M = mgxf(u).

Ob6paTuMca X TJIaBHOMY CJIATaeMOMy, W 3aMeTHM, 9TO &, W 7), B HEM OTPaHHYEHBI.
ITosToMy 3Ha4enUs &, + 7, TPUHAAIEKAT KOMIIAKTY.

Tax kax GyHkuma f(-) HENIPEPHIBHA, HA 3TOM KOMIIAKTE OHA PABHOMEPHO HENPEPHIBHA.
D10 03HAUAET, U4TO ecan |u — v| < 4, To | f(u) — f(v)| < e.

3mecn

|(§n+77n) - (fn - C)| = |77n - C| <4
TaK 4TO

|f(§n+77n)_f(£n_c)| <e€

B urTore nosty4aeM, 94TO AJ1 MPOU3BOJIBHOTO £ W TOCTATOYHO GOJIBITUX 1)

|E[f(én+ 1) — f(én + O)|] < Ke

rae K - HeKOTOpas MOCTOSAHHAL.
O6partumcsa ko BropoMy ciaaraemomy B ().

N3 cxomumoctn &, N ¢ caenyer, 94TO
|Ef(&n+C)—Ef(§+C)[<e

g € > 0 1 1oCcTATOYHO GOJIBINNX 71.
Bosspamasch x (*),3akim049aeM, 9T0 AJ1d JOCTATOYHO GOJIBIINX 72 BEPHO

|Ef(& +C) — Ef(€+C)| < Ke

roe K - Hekoropas nocrtosHHadg. [loCKOIBKY € MOXKeT ObITh BHIOPAHO MPOU3BOJIBHO Ma-
JIBIM, YTBEPXKJIEHNE TEOPEMBI TOKA3aHO.
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6 IIpumenenune Teopemsl 1 nJjis1 BEIYACJICHHUHA CTaTH-
CTUKH Y MJIKOKCOHA

Teopema 1 6pIBaeT moje3Ha 1A BHIYHC/IEHNA KPATHIECKUX 3HadeHnit craructuku Wy, ,,

npu 6OJBIUX M, N.

Yrobsl Bocmosib3oBaThea Teopemoit 1, wano Berancants DyW,,, (mucmepcuio mpu
TUTOTE3E, T.e. NJI OMHOPOTHBIX BBIOOPOK (Z1,. .., Tm) U (Y1,-- -, Yn))-

Mu1 Beruncanm DyHy, , = DoWo, .

Bocniosibsyemca pesysibTaroM naparpada 3, moJI0xKuB

flx,y) =1z <y) — EI(zy <) = I(z1 < 1) — Pz < w1).
Kak ckaszano, orpanmunMcsa ogHOPOnHbIME Bbibopkamu. Torma
P(z; <y1) =Pz, >y) =1/2.
O6uyto dyHKIMIO pacupenesienns (HempepbiBHYI0!) 0603HaUNM Yepes
F(u) = P(z; < u) = P(y; < u)

Brrunciiaem
ax;) =

Anamormuano: §(y;) = F(y;) — 1/2.

BameTnM, 4To N1A CiIyvaiiHO# BesmunmHbl X , mMeromeil HempepbiBHYIO (BbYHKIINIO pac-
npenesierns F(u) = P(X < u) "HoBaa” caydvaiinas sesmunua £ = F(X) pacnpenesiena
paBHOMepHO Ha [0, 1].

J0Ka3aTeIbCTBO CJENYET U3 YepTexa:

[Iycth
0<zx<l1

Cobuitne {F(X) < z}
fAcuo, uto P(F(X) < 2) = 2.
ITosyunn, 9T0 mpH TUNoTe3e (OMHOPOIHOCTH)

afz) =1/2-U;,  Bly) =V;—1/2,
rne Uy,..., Uy, Vi,...,V, CcyTh He3aBUCHUMBIE CIyYaiiHble BEJMYNHBI, PABHOMEDHO
pacnpenesieHnsie Ha [0, 1].
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OdgeBUIHO, YTO

1 1
Eyo® = DU; = — = BB =DV, = —.
o 12 0B i= 19
ITosromy
DoHpnp = DoWinn = mn(n = 1) + m(m — )n L mn mn(m +n + 1).

12 12 4 12
n60o Dy f 3mech paBHO
Dyof = Dol(z1 < y1) = Pz < y)[l — P(z1 <) = 1/4.
Vrtax, njisi HEMPEPHIBHBIX OTHOPOMHBIX BRIOOpOK Teopema 1 nmaet:

W, ., — 1)/2
= n(n+m+1)/ 45 N(0,1)
\/mn(m+n+1/12)

Ipu m,n — oQ.

[Tosib30BATHCA 9TUM HOPMAJIbHBIM NPUOJIMKEHNEM (/1 He CJIMIIKOM MAJIBIX WJIH
Gospimx BepoATHOCTEH) MOoxHO Tipn m,n > 10. IleHTpasbHAd TpenesbHAA TeOpeMa
HE JaeT HaM OIEHOK JJid CKOpocTH cxoguMocTh. CKazaHHOe NMPaBUJIO TMOATBEPXKIAETCA
CpaBHEHNEM TOYHOTo pacnpenenennda Wy, , 1 ero HopMaJbHON! anIpOKCHMaINN.
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Jlekimma 15.
MeTton, HanOoJILIIIEro MPaBIOIOa00M .

CocCcTOoaTEe/ILHOCTD.

1

Omnpenesienue

[Tycts X - Habaonennad ciaydaitHas BeJINYNHA, pacIpeneseHne KOTpol npu-
HaJJIeXUT TapamerpuueckoMy cemeiictBy Py, 6 € ©; nycts §° obosmauaer
UCTUHHOE 3HAYEHUE TapaMerpa.

IIpennosioxuM, 4To pacnpenesienns Py mMmeror mioTHocTh (0603HAYAEMYIO
p(z,0)) orHOCHTENIbHO Kakoit-mnGo Mepwl. (Ecsm sTa mMepa cumratomas, TO
p(X, 0) - 910 BepoaTHOCTH cobbITH" X = T).

IIpasdonodobuem 3HaueHns mapamerpa f Ha3BIBAIOT (CJyUaitHY0 BEJIMUNHY)
p(X,0).

To - 3HaveHune mapameTpa #, Naa KOTOPOTO MPABIOTONO0NE TPUHUMAET HAU-
OoJIbIliee 3HAYEHNE, HABBIBAIOT 0UueHKkol Hauboavwezo npasdonodobus 0:

(1) O, = arg maxp(X, 0)

AcumnTorudeckue CBOMCTBA OIEHOK HAMOOJIBIIETO MPABIONONOONS MBI M3YUUM 11
BBIOODKH, 00beM KOTOPOit HEOTPAHWYEHHO BO3PACTAET.

Urak, nycts X = (z1,...,2,) - BHIOOpKA M3 PACIpENEIeHNs, 00JIAIAIOMErO MI0THO-
crvio f(z,6), toe € © - HeW3BeCTHBIN TApAMETD; €ro NCTUHHOE 3HAYEHUE (MIPH KOTOPOM
nosyvena Bribopka X ) ects 00 € O.

OtaocuresibHO onenku (1) MBI JIOKaxeM - TP ONpenesieHHbIX ycaoBuax Ha f(-,6),
4TO

a) 6, - cocroaresbHaa onenka aga 6,

~

b) 6, pacnpenesiena aCHMITOTHYECKH HOPMAJIBHO.

Hagnm onpenesieHnd.
Omnpenesienne 1

Onenka t = #(X) napamerpa  HaswBaeTca cocmoamenbnol, ecan t(X) 2

6° npn n — oo.

Onpenesnenne 2(ynpomieHHoe)

M#I TOBOpPUM, YTO CTATUCTHUKA 6, PAcCIpenesieHa GCuMnmomu4ecky HopMaab-
HO, KOTIA
A d
vVn(0, — 90) — N(0, 02)
nna sekoTophix #° u o2

IIpm sTom 0° HAZHIBAIOT acuMnmomMuUuECKUM CPEIHUM, & T2 /N - ACUMNMOMU-
weckol ducnepcuet 0,,.
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2 CocToaTesIbHOCTh OIIEHOK HAMOOJILINIEro IIpaBio-
IIoa00ua

2.1

Haunewm ¢ jiemMbl (BapuaHTa T.H. HEPABEHCTBA TEOPUHU MHMOPMAINN).
Jlemma

IIycrs f(+), g(+) - nBe MIOTHOCTH BEPOATHOCTH.

Torma

(2) /f(:v) In f(z)dzx > /f(:v) In g(x)dz

TMpPUYEM PABEHCTBO BO3MOXKHO, TOJIBKO €CJU f = g TIOYTH BCIOMY.

Coryiainenunsa:

1. lna mHTerpaJioB IOMyCcKaeTcd 3HAYEHNe —OQ;

2. Bynem cumTath, 4TO

[ @) ng()dz =0,  ecam f(z) =0 nraz e A
A

BHE 3aBUCHMOCTH OT 3Ha4YeHuit g(-).

Hoxazameavcmeo.
ocTaTovHo MOKAa3aTh, YTO

9(=)
/f(:v)ln md:v <0

Bamern™m, uro In(l 4+ z) < z mua ¢ > —1. (Cm. Ha pucyHok 1 rpadukm dbyHKuMit
y=zuny=In(l+zx))
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Pucynox 1.

Paccmorpnm muO)ecTBO A = {2 : f(2) > 0}.
Hna z € A:
9(z) 9(z) 9(z)

Tz g § R G ASZAN R | I A/
f(=) l (f(x) )] /(=)
YMmHOXUB 06e 9acTh HEpABEHCTBA Ha f(-), MHTErpUpyeM:

9(z) _
[ 1@m e < [19z) - f(z)ldz =0

g.1.0. O.

3 Ilouemy oreHkKa HaMOOJIBIIIETO IMTPABIOIIOI00MSI CO-
CTOATEJIbHA - IIPABIOIIOI00HOE pacCcyXIeHHuE.

Ecmn X = (21,...,%,) - BHOOpKa U3 pacnpenejeHns ¢ mIoTHOCThIO f(z,6), To mpaBmo-

nonobue X mmeer Bun [[, f(z;,0), a onenka Hanbosbmero nmpasnononobus (1) ects

arg Iglea’é( Zzl_[l f(IEZ, 0)7

nJjn
1 n
arg max lﬁ ; log f (=, 9)]

(Touka sKCTpeMyMa He M3MEHAETCA NMPM Tepexofe OT QYHKIMN K ee jorapudmy u
TIPY YMHOXKEHUM Ha TOJIOXKUTETBHOE YNCJIO. )
B cuniy 3akonHa 60JIBIINX YMCES TIPU 72 — OO

®) LS 108 f(5:,0) > By log f(z:,0)
i=1

rne Ey osHadaet ycpemnenue o miornoctn f(z,6°), tne 6° - nctunnoe snavenne 6.
[losTOMY €cTecTBEHHO OXKUIATH, UTO

arg max [ﬁ ;10gf(xi, 0)] — argmax Eylog f(z;,0)

CornacHo Jlemme u3 2.1 cnpasennmso (2); sro HepasencrBo nia ¢(x) = f(z,6),
f(z) = f(z,0°%) maer:

Eof (z:,0) = / llog f(z, 0)]f (z, 8°)dz < / llog f(z, °)]f (z, 6°)da

CiremoBaTe TbHO,
ar maxE x; 0 = 00.
g 9c O Of( 1) )

5P
HoxazareabeTso cxommmoctn 6, — 6° Hamo nposonuTs, yuntssas ceoiictsa By log f(z1,6),

kak ¢yukiun ¢, § € ©. Ecau sta dyHKINA HempephiBHA 10 #, 0OLIYHO yaaeTcd Takoi
IJIaH:
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e IlokasaTh, 94TO CXOMAMOCTH B (3) paBHOMEpHa TI0  Ha KoMmakTe, conepxamem 6°.

e B s10oM citydae MOXKHO yTBEPKAATH, 9TO CYyMECTBYET MOCEI0BATEIBHOCTD JIOKAJb-
HBIX 9KCTpemyMoB dyrkmmy 6, w3 (1) wm (2), mo BepoaTHoCTH cxonamadaca k 6°:

(4) B 5 6°

pu 1 — 00.

AP
4 JTokaszaTeJbCTBO cxomumoctu 0, — 6 njs ommo-
MEPHOTO CJIydYasd

B omHOMEpHOM CJIyyae J0Ka3aTeIbCTBO OUE€BUIHO.
Hrobbl mokasarh (4), Mbl IOKaXeM, 4TO (JIOKaJIbHBIH) 9KCTpeMyM QyHKIMN

1 n
- Z lOg f(IEZ, 0)
ni

JIEXKUT CO CKOJIb YyTOTHO 01M3K0it K 1 BEpOATHOCTBIO - TPU JOCTATOYHO OOJIBIINX 71 - BHY-

Tpu maTepBasa (8 - h, 0°+h), toe h - mpomsBoOIBEHOE YUCIIO.
Pucynox 2.

Tak xak
Eqlog f(x1,0°) > Eglog f (21,0° + h)

TO MOXHO mogobpaTh Takoe € > 0, 94To
Eglog f(z1,0°) —e > Eylog f(z,,0° £ h) +¢

1 mpon3BOJIBLHOTO, HO (PUKCHUPOBAHHOTO ¢ > 0, B CHJIy YIOMSHYTOro B 2.2 3aKOHA
Gospimx unces (3), IJid JOCTATOYHO GOJIBIINX 7% BHIMOTHAETCA HEPABEHCTBO:

1 n
P {‘ﬁ > log f(;,6°) — Eylog f(z1,6°)
)

<5}>1—6,

1 n
P{‘EZIng(:vi,GO:l:h) — Eylog f(z1,0° £ h)

i=1

<5}>1—5.
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[losTOoMy
P{%Zlogf(rvi,ﬁ") > %Zlogf(xi,ﬁ"ih)} >1-34.
i=1 i=1

[Toaromy (mpm mocTaTo9HO GOJBIINX 1) YKCTPEMYM (JIOKAJBHBIN) DYyHKINN TPABIO-
nono6us 3 (1) JIeXnT B CKOJb YromHO y3Ko# okpectHocTH Touku §°. TloaTomy mocste-
JOBATEIHHOCTH 3THUX JIOKAJTBHBIX HKCTPEMYMOB CXOMUThCA (10 BepoaTHocTn) K 6, aro n
TpeboBaJIOCh I0Ka3aTh.O

5 AcuMnrorudyeckas HOPMAJILHOCTH OIEHOK HanbOoJIb-
IIIero npasaononodusi (mo BbIOOPKe M3 peryJisspHo-
ro ceMeiicTBa).

(Cm. VBuenko, Menpenes, §2.4)

5.1

IIycrs X = (x1,...,2,) - BHIGOPKA W3 paCIpenesieHns C TJIOTHOCTHIO (BEPOATHOCTHIO)
p(z,0), 8 € © C R. (Ilocae Toro, Kak Mbl 3aKOHYMM WCCJIENOBAHNE OMHOMEPHOTO Hapa-
MeTpa #, MBI 06CyIUM, KaKne U3MEeHEeHNd HA0 cresarh, korna § € © C R".) MHoxecTBo
© O6ymeM cUMTATH OTKPHITHIM.

B paccmarpmBaeMoM cilydae OIEHKa HaubOJIBIIEr0 TPaBIONOA00Ms €CTh penieHune
ypaBHEHUS NIPABAOIOI00Ud

5,
1 1 0
o aezogpxz,m

Cunras, uro p(z, ) Tpuxas auddbepennupyema mo §, NpeanosoKnM, 9To CyIeCTBY-
er dyukuna M (z) takasa, 9ro

1.

003 (IE)7

‘—logp:v ) <

EgM(IE) < o0

114 Beex 0 € O.

B nanpmeiimeM, pagn KpaTKoOCTH OyaeM THCATh

0
I(z,0) anIng:v 9).
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5.2

Brenem HOBYIO TepeMEHHYIO T, TIOJIOXKWB

=04+
0—0+\/ﬁ

Teneps ypaBHenue npasnononobus (1) nmeer Bum
1 & T
(2) — ) l(z;, 0+ —=) =0.
Passaraem JieByto yacth (2) no dbopmyse Teiisiopa B Touke 7. Ilosyunm:

T

1 2 0 Ln’x.O_ Lnux.o i2

rie 0, - HeKas IPOMeXyTouHAd TouKa Mexay 0° u 0.

3aMeTnM, 4TO ecyim OTPAaHUYNM O0JIACTh W3MEHEHWs MEPEMEHHOW T MpPOW3BOJIBHBIM
KOMIIAKTOM, T.€. TPeAnoJioxmM, uto |7| < C' miua mekoroporo C, TO TpeThe CjaraemMoe
okaxercs (Ipu 1 — 00) GECKOHEYHO MAJIBIM.

leitcTBUTETBHO:

B RN AN
n3/2 Z:ZIZHB(:EUQ)(\/ﬁ)

T.K. TIO 3aKOHY OOJIBITUX YnCeJT

1
;5
5.3

ConocraBuM penenne ypaBHeHud (2), jeBas 4aCTh KOTOPOTO MpENCTaBJieHa B hopme (3),
7 pelleHne ypaBHEHNS

L v 0y LNy g0y T
(4) %Z;l(xi,ﬁ)-l-\/ﬁ;lg( z:e)\/ﬁ 0

(JIeag wacTh B (3), HO 6e3 TPETHETO CJATAEMOTO).
Pemenwe (4) oueBnaHO:

1
(5) 7_* — \/_z':l

n

1 2 T
— 1 (24,0°) —
\/ﬁ; 0(557 )\/ﬁ
IIpm 3TOM JIETKO YBUOETH, YTO TPHU 1L — OO

=4 N(0, (i(6°)7Y)
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Bnech 1(0°) - xosmuecTBo mAdopManun (no ®Pumepy) o f, comepxameiica B OTHOM
HabJIIOOEHUN I ;.
HeiticTBuTesibHO, uncautesab (5) €cTh CyMMa HE3aBUCHMBIX CJIyYalHBIX BETMYWH

%i_zllogp(xheo)? 1= 17

[Ipu obcyxnennn nepaperncTs Kpamepa-Pao Mbl oTMeTnn, 4to

S

a n
Eg— 1 iy =
990 ; ogp(zi,0) =0

nas 6 € ©, u uaro
o & S
Ey | 55 > logp(zi,0) = i(6).
00 =

[TosTOMY, IO IEHTPAJILHON MPEESIbHON TeopeMe, YNCIUTENb (5) M0 PACIpenesIeHnIo
cxomuthes K N (0,4(6°)), korma n — oo.

Bramenaress (5) 10 3aKOHY GOTBITMX 9HCEN CXOMUThCA (10 BepoaTHocTn) K Flj(x;, 6°),
e 0=0°.

Ml (npM yIOMSAHYTHIX BbIIIE 0OCYKJIEHNAK) OTMEUAJN, UTO

2 n

0 .
Ey | 555 > logp(zi,0)| = —i(6).
¢t
[Toatomy (mo Teopeme Ciaynkoro) mpu 1 — o0

(6) 7o =5 N0, (i(0) ™)

n

Pasymeercs, HANO TPOBEPUTH OTIEJBHO (JIOTMOTHATENBHO), YTO

0 < i(f) < oo.

5.4

Ocraerca ybennThcd, U4TO pelleHNe ypaBHEHNdA (2) aCMMOTOTMYECKN SKBUBAJIEHTHO De-
IIEHNIO ypaBHEHNA (4) - SKBUBAJIEHTHO B TOM CMBICJIE, YTO TIPU 7 — OO PA3HOCTh MEXKY
HUMM CTPEMUTHCA K HYJIHO (10 BEPOATHOCTH).

Msbl yxke oTmedasm, uTo JieBbie yactu (2) m (4) ommmuatorca GeckoHeuHo majo (u
TPAUTOM PABHOMEDHO TIO T), Koraa |7| < Const - MeHbIIle TPOU3BOJIbHOM MOCTOAHHOT.

Paccmorpnv rpadmk JieBoit yactu (4) kax dbyHKUmo ot 7: y = Py, (7).

Hnsa mocraTouno Gosbmmx n rpaduk Jjesoit yactn (2), ckaxem y = ¢, (T), Oymer -
npu 7 < C - TPOXOANTH B £-OKPECTHOCTH Tpaduka y = 1)y, (7).

[TockoabKy € > 0 MoxKeT GBITh BHIOPAHO CKOJIb YTOOHO MAJIBIM, V YPaBHEHUS TPABIO-
nonobud (2) Halinercs pemenune 7,, TAKOE, UTO T, — Tp Ls0- TIPU TOM JIOTIOJTHUTETHHOM
YCJIOBUH, 4TO ypaBHeHNe (4) uMeer penieHue, NpuHaIexamee komnakTy {7 : 7| < C}.

Ocraetca cnenarb TOCTeNHEe 3aMeuaHne, YTo0bl 3aBepmuTh nccsenobanue (2). Tax
Kak 7, (pemenne (4)) aCMUMITOTHYECKM HOPMAJIHHO, MOXKHO BHIGPATh YIIOMSAHYTHI BHIIIE
komnakt {7 : |7| < C'}, Tax, 9T06HI /1 TPOM3BOJIBHO BHIOpaHHOTO § > ()

P(lr|<C)>1-19¢
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IJIA TOCTATOYHO OOJIBLIINX 7.

Taxum 06pa3om, co CKOJIb YTOIHO GJNM3KOi K 1 BEpOATHOCTHIO, ypaBHEHNE (4) mmeer
KODEeHb Ha BHIGPAHHOM KOMMAKTE (JJd JOCTATOYHO BOJIBINX 7), TPUTOM 3TOT KOPEHB Ty,
pacupeneseH TaKXe, Kak u 7,, T.e. IPH 12 — 0O

(7) o = N(0, ((0) ™)

~

Bepremca x nmepemennoit § = 6% + %, 6, =0°+ %, T = /10, — 6°).

YrBepxnenue (7) 03HAUAET, 9TO
V(0 — 6°) = N(0, (6(6°) ™).

CaienoBareibHO, MBI I0Ka3aJ11, 9TO (PN HAJIOKEHHBIX Ha P(z, §) BhIIIE YCI0BUAX) CY-

MECTBYET pelenre (TouHee, TOCIEI0BATEILHOCTh PEIIeHN) ypaBHEHNS TPaBIONOI00Us

(1) 0, cxonameecs k §° u pacpenesieHROE ACHMITOTHYECKW HOpMaJbaOo N (0% m'(100)'

6 MmuoroMmepHbIH CJiy4Yam.

Hna mHOrOMEpHOTO apaMeTpa f Bce WMCCIeNOBaHNE NPOXOAUT TakKkKe, KaK M JJId OTHO-
MEPHOTO, C OYEBUITHBIMA N3MEHNEHNUAMH.

e Tax, ypaBHenne mpasnononobus (1) Temeps - BektopHoe (T.e. (1) mpemcraBisier
coboit cucreMy ypaBHEHWUIA).

e YcJIOBHE O TPETHUX IIPOU3BOIHBIX (POPMYJINPYTCA TaK:
58
— logp(z,0)| < M(x),

" T.JI.

e Mecro konmvecTBa nudopmanuu (f) 3aitmer renepp marpuna undopmanuu J(6),
8 OKOHYATEJILHBLIA Pe3y/IbTaT IPUMET BHI

O, —5 N(0°,n " TH(6°)).

7 AcumToTHMYecKasa HOPMAJIbHOCTh CTATHCTHYECKUX
OIICHOK.

(Crarucrtuueckux dpynkumii pon Museca).

7.1

IIycrdy 21, ...,%, - BHIOOpKA W3 pacnpeneseHns ([Ijis MPOCTOTH - OJHOMEDPHOTO), HEM3-
BECTHYI0 (DYHKIMIO PACIpeneseHns KOToporo obosnaunm depes F'(+). Ilo sroii BRIGOpKE
Mbl X0TUM oneHuTh dyukunonan IT'(F'), T(-) - 3anan (Ha MHOXKECTBE NN TOAMHOKECTBE
dbyuxumit pacupenesienus). Bocmospsyemes mis aroro 6amsocthio K F(-) BbIGOpoUHOi
(smnmpuyeckoit) byukumu pacupenenenns F(-):

15.8



e Ecomu T'(-) - nenpepwiBHbIR dyukunonan, o T'(F,) ~ T(F) re.
T(F,) = T(F)
IpH 1 — 0O.

ITpumepsr pynkumonanos T(F):

1. MOMEHTHI ¥ KBAaHTWJIN DYHKIMK pactupenenenns F(-).

2. Bropoii nieHTpasbHBIF MOMEHT ciaydaitHoit Bennunnbl X, QyHKINA pacupeneeHnsd
KOTOpO#t ecTh F'(+):

E(X — EX)? t//"x— V2dF (z)dF (y)

3. Onenka HamboJIbIIETO TIPaBIONIONOOKA 1J1d ceMeilcTBa pacupenenenuit F'(z,0), 6 €
O cootBeTcTBYET DYHKIIMOHATY

T(F) = arg Igleag(/log f(z,8)dF ().

4. Ilns oneHWBaHWA HEM3BECTHOTO TapameTpa f mo BbIOOpKe, pacmpenejieHne KOTo-
poit mpuHaiexuT cemeiictBy F'(z,6), § € ©, MOXHO IPpUMEHATH (MCHIOIB30BATH )
passmunble dbyHknuoHaas T (F).

I[lycTh, HApEMED, 1O BHIGOpKE U3 N(a,0?) MBI XOTHM ONEHWTH HEW3BECTHOE a. B
kadecTBe T (F') Mbl MOXeM B34Tb, HATIPUMED, DYHKIMOHAIIHI

T(F)= /xdF(:v)
T(F) = medF
7.2
Econ dyuxkumonasn T'(F') B xakoM-su60 cmbiciie quddepeHnnpyem, To
(1) T(G)=T(F +(G—F)=T(F)+ [ a(«)d(G - F) + R
rae a(-) - Hekoropasa dbyHKUMA, R - oCTATOYHBIN YjieH, KOTOPbI# yOhIBaeT GhICTpee, YeM
G — F. 9ta dopmy.ia - anaor dopmysasl Teitaopa gjisa GyHKIIN HECKOJIBKUX TTEPEMEH-

HBIX.
ITycrs, meficrBurensro, f(X) = f(x1,...,2p), dX = (dz1,...,dz,). Toraa

f(X+dX) = f(X)-l—zp:%dxi-l—o(dX)

= f(X) + [Vf(X)][dX] + o(dX).

B 6eCKOHe‘-IHOMepHOM BapuaHTe€ CYMMHUPOBaHUE 3aMEHACTCAd MHTETPUPOBaHUEM.
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Bamern™m, uro Jsimnelinbii Gynkimmonan [ad(G — F) 3anan Ha JWHEHOM MPOCTpaH-
cTBe pasHocTeilt dyHKImit pacnpenenenud. MBI MOXeM PacIpOCTPAHUTH €T0 ONpPEIeJIe-
HIe ¥ Ha MHOXeCTBO dyHKIWit pacnpeneaans. s 5Toro 10CTaTOYHO yKa3aTh 3HAUEHNE
Ja(X)dF(X). ®akrudecku, peus uner o Beibope dynkmnn a(X): BosbMeM a(-) Takmm,
9TOOBI

2) / a(z)dF(z) = 0
Torna (1) npeBpamaercs B
(3) T(G) =T(F)+ [ a(@)dF(z) + R

(Bripouem, MoxHO 6bL10 661 HaUaTh cpasy ¢ (3). Torma (2) craso 6b1 ciaencTeuem (3).)
®yukunonan [ a(X)dF(X) - sro npoussonnas T'(F') B nanpasiennu G mo Gateaux.
[To onmpenesnuio, mpousBogHad no Gateaux paBHa

(4) A1330/\—1[T((1 — ANF +)G) — T(F)]

€CJIN 3TOT TPEMIEJT CYyMECTBYET.
Bosbmem B (3) B kauecTBe G BYHKIMIO paCIpeNeseHns

F+ MG —-F)=(1-)NF+ )G, raeA € [0, 1].

[ToncraBuB 31O BhIpaxenue B (3), u nepeitna K npeneay no A — +0, MoJyunM cka-
3aHHOE.

Hansa dbyskumm a-) MOXHO NOyYnTh fiBHOE (G0Jiee ABHOE) BbIpaxkKeHue, ecan B (4) B
kadecTBe G(-) B34Th DYHKIMIO pACTIpeNesIeHns BEPOATHOCTEN, COCPENOTOUEHHYIO B OIHOM
TOYKe.

ITycrs Ay (z) - byHKINA pacupenesienns, COCPENOTOYEHHAS B TOUKE U:

0, ecom z < u,
1, ecam z > u.

Au(z) = {

Tenepn

(5) Jlim AU T((L= NF +AA,) = T(F)] = [ a()dAu() = a(u)

8 @DyHKUMS BJIAAHHUSI.
@opmyay (5) MOXKHO TPAKTOBAThH M TAK:
(6) T(1=XNF 4+ MA,) = T(F)+ Aa(u)

@yuxmuga (1 — A)F + AA, coorBeTcTBYeT cMecn OByX pacupenesenuit: F'(-), Baaroro
c BecoM (1 — A\), m A, B3ATOTO C BECOM A.

Takoe pacrpesesieHne BO3HUKAET, KOTIa K (OCHOBHOMY) pacupenenenuto F'(-) ”mpu-
MemaHa” HEKOTOpas NojsA A HabsomeHnii, mpoucxonamux He u3 F(-) , a mpocTo paBHBIX
qucsy 4. COOTBETCTBEHHO B BHIOOPKE, M3BJIEUEHHON M3 TAKOTO PACIPENEICHNs, TIOMAMO
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HabJrio1eHnii, OMUMHAIIMXCA pacnpenesennto F'(-), ectb mosg A “nocroponHnx” Be-
JUYAH 4. B cTaTucTHKe Takue MOCTOPOHHNE 3HAYEHWSA HA3BIBAIOT 8ub.0pocamu, 2pybbLmu
OWUOKAMU, 3ACOPEHUAMU W T.I..

@opwmyast (5) u (6) mokasbBaloT, Kakoe BiaugHMe Ha 1'(F') OKa3hIBAIOT TH 3aCOP:-
fomune 3HaueHndA. [losromy apyroe HasBaume Iid a(x) - dynryus sausanus. 3a Heil
3aKPENUIOCh IOBOJILHO HEYKJIIoXKee 0003HAUEHME:

a(z) = IF(z,T, F)

(IF - nepsbie 6yxBul “influence function”).

DyHKIMA BIUAHASA TOKA3BIBAET, CKOJIb 3HAYUTETHLHO MOXKeT u3MeHuThea 1 (F') us-3a
TMOABJIEHNA ~ 3aCOPAIOMAX’ 3J1eMEHTOB B BbIOOpKe. Takum 06pasoM, oHA CJIAYXKUT OTHOM
13 KOJIMYECTBEHHBIX Xapakrepuctuk ycroitumsoctu T'(F) K 3acopeHmio.

Acumnroruueckass HopmasibHocts 1T'(F}).

Teneps npuveruM (3), 94TOOBI MOJIYYUTh ACHMITOTHYECKOE DACIPEEJHNE ONEHKH
T'(F) o Beibopke. B cuy (3):

(7) T(F,) = T(F) + [ a(@)dF(s) + Ra

fAcno, uto

npuueM Ea(z;) = 0. (U6o Ea(z;) = [a(x)dF(z) =0.)
BameTnm, 9TO CiydaitHble BEJTMYWHB (Z;) HE3ABACUMBI U OMMHAKOBO PACTIPEIETIEHHDL.

[TosTOoMmMy
1 2 d
— Y a(z;) == N(0, Ea®(x1)),

Ea*(z,) = /a2(:v)dF(:E) < 00

ecJin

Takum obpasom,
1

[ a@)iF @) = 0

Ecsmn ocratounstii uinen R, B (7) cTpeMuThCd K HYJII0 GBICTpEE, YeM ﬁ, TO

(8) V[T (E,) — T(F)] % N(0,VarlF(z,, T, F))

DTO ¥ eCThb YyTBepKAEHNE 00 aCUMTOTUYECKONt HOPMAJBHOCTH CJIyYaitHOW BeJTMYMHBI
(craructuxm) T'(F,) mpn n — oo.

IIpmBenenHoOe paccyX)aeHne He aBadeTcd JokasareabcTBoM. OIHAKO OHO TPUBOIUT K
TPABUJIHBIM pe3yJbTaraM (BO BCEX M3BECTHBHIX CJydadx). OHO MO3BOJIAET NpeIyraaarh
oTBeT (KOTODBIN 3aT€M MOXKHO JOKA3BIBATH OTIEJBHO).

Samaun.

e Brruncsnre GyHKunyM BaugHud 1714 0ByxX dyukmuonanos: 1T'(F) = [zdF n T(F) =
medF'.
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o

e Ybenurtech, UTO MEPBad W3 HUX HEOTPAHMYEHHO BO3PACTAET 1O U, TAK YTO T = Y. T;

=1

(kax cTaTmcTMUecKas OlEHKa) HeycToitumBa (not robust).

e C nomompio byHKINN BJIUAHNA HARINTE aCHMITOTHYECKOE pacnpenesenne med(zy, . . .

- MeIUaHbl BHIOOPKY Z1, . . ., Tn, U3 Pacupenesenns F', canrag, ato F'(p) > 0, roe p
- mequana F', r.e. F(u) =1/2.

9 Acumnrormueckoe HepaBeHCTBO Kpamepa-Pao.

ITycts pacnpenesienne nmeer mwioTHOCTD f(x,0), 8 € ©, © C R’ - OTKpHITOE MHOXKECTBO.
IIyctn

nidg 0 € O.

(Taxme hyHKIMOHAJBI HABBIBAIOT COCMOAMEALHBIMY N0 Duuepy.)

IIycts 6° - HeKOTOpOE buKcMpoBaHHOe 3HadeHme mapameTpa 8, 80 € ©. Iosoxum
(nna xparkoctu) FO(z) = F(z,0°).

IIpnvennv (3), nonaraa G(z) = F(z, ), F'(z) = F(z,0°).

[Tonrygaem

9) 8= T(F(-0)) = T(F°) = /IF(y, T, F%)dF(y,0) + R

B nannoM ciaydae ocTarounsiit uien R ects gpynkmusa ot 0, §°. IlpenmosioxuM, 4To
R=(6-0%g(0,0°%.

[Tpumem Bce mpenmnosioxenns o cemeiictBe F'(-f), KOTOpbe MBI CeJIaj M paHee, TpH
MIoKasarebcTBe HepaBeHcTBa Kpamepa-Pao. a n mefictBoBaTh OyIeM 1o TO# ke CXeMe.
Mudbdepenmupysa (9) mo 6 B Touke § = 09, maiimem:

1= [ 1,7, ) o f0.6)],_dv

a0 6=00

nJim

06

[TpaBy1o 9acTh MOXHO 3aIlMCATh KaK MATEMATHYECKOE OXMIAHWNE, €CJIM BBECTH CJIy-
Jaitayio BesmunHy X , KOTOpasg MMeeT WIOTHOCTSH f(y, °):

1= [ 170, | g 70| 1000

1= EIF(X,T, FO)][% In f(X,0%).

CorsnacHo HepaBeHcTBy Komm-Pumana - ...,
(E€n)* < (EE*)(En*).

Otciona

1< EIF(X,T,F%)? -EO[%lnf(X,QO)]2.
Sto VarlF(X,T, F%) " 0 10" ’
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CenoBaTennHo, 04 Jioboro §° € ©

1

(10) VarIF(X,T,F%) > - s

Jleas wactp (10) - aTo acmmnrornueckas aucnepcus 1'(F,,), cornacto (8). Cnenosa-
TEeJIbHO, COCTOATEeTbHAA N0 Pumepy oneHKa napaMerpa  He MOXeT MMEeTh aCUMITOTH-
9ecKyto aucrepcnio (6ymIydn acCMMITOTHIECKA HOPMAJIbHON), Menbimyto, 9em I1-1(6).
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Jlexkimma 16.
Kpurepuu corsacus tuna Ilupcona-®Puirepa.

1

OHM OTHOCATCHA K HE3ABUCHMBIM WCIBITAHUAM C HECKOJTBKAMHU MCXOIAMHI W THIOTE3aM 00
X BEPOATHOCTHAX.

Paccmorpnv HesaBucuMble ucnbiTanus ¢ m (m > 2) ucxogamu. OBGO3HAYMM MX UCXO-
nbl yepes A, A, ..., Ap.

BeposTHOCTH 3TUX MCXOMOB HEM3MEHHBI BO BCEX UCTBbITaHUAX. ODO3HAYMM 3TH BEPO-

m

ATHOCTH YEPE3 P1, P2, - - - y Pm, IPAIEM Y p; = 1. OnucanHble NCTHITAHNA OyIeM Ha3bIBaTh
i=1

ucnvimanusmu Beprysau (naxe B cayuae m > 2).

[IpennosioxuM, 9TO B 1 MCTIBITAHNAX BepHy/IM OBLIN 3apEeruCTPUPOBAHBI YACTOTHI
m

(KoIM9ecTBa OCYNIECTBJIEHUI) i1, [h2, . - .,y UCXOIOB D1, P2, . . ., Pm; TPH 3TOM Y [ =
i=1

n. TeopeMbl, KOTOpbIE MbI OOCYOUM CETOMHHA, KaCAIOTCA TPOBEPOK THUIOTE3 O J =
T - _ T
(p1,-.-,Pm)" WO wacroram [ = (p1,. .., fhn)" -

Hauynem c mepBoro kpuTepusi Takoro poma, ycranosjensoro K. ITupconom (Karl
Pearson) k 1900 rony. (Teopemy ITupcona, koropad 6yner copMyanpoBaHa 4yTh MO3XKe,
MOXKHO CYMTATh TIEPBO 3HAUNTEHHON TeopeMoil MaTemarnueckoii crarnctukn). Kpure-
pumit [Iupcora oTHOCUTCA K TPOBEPKE MPOCTOH TUTIOTE3BI O BEPOATHOCTAX:

i, noapobHee,
e a0 0 _.0
Hy:pr=pi,p2=D3 - :Pm = Ppy-
m
e pY, py, ..., pd - 3amaHHBIe TOJOKWTE bHBIE BepoaTHOCTH, Y. py = 1. IIpasuno Ilup-
=1

COHA UMEET aCUMIITOTHIECKU XapaKTep 1 MOXKeT KOPPEKTHO IPDUMEHATHCA IIPU YUCJICH-
HOCTAX MCTBITaHUi 1 ” qocTarouno Goabimmx” (YTO 9TO 03HAYAET - 06CY UM TIO03XKe).
IIpaBuao K. Ilmpcona

Otseprayts Hy : o= §° na (npwbimxennoM) ypoBHe &, € > 0, ecqn

m 0)2

i — np;
S S =)
i=1 2

Bnech x%__(m — 1) obosnauaer (1-€)-KBaHTWJIb pacTpeneseHns Xu-KBaapar ¢ (m-1)
CTENEHbIO CBOOOIHI.

Bonpoc 0 ToM, KaKne YUCJIEHHOCTH 73 TOCTATOYHO BEJIUKM JIJI TOTO, YTOOBI, IPU He-
00XOIMMOCTH, MOXKHO OBLTO 00paIaThcd K HTOMY TPABUIY, IOBOJbHO TEMEH, HECMOTPSA
Ha JIOJITYIO €T0 NCTOPHUIO.

OctopoxkHas (KOHCEpBATWBHASA) PEKOMEHMANNA: JIOJKHbBI BHINOJHATHCA COOTHOIIE-
HuA npy > 5 a4 Beex ¢ = 1, m.

CkaszaHHOe MPABUJIO OCHOBAHO HA ACUMIITOTUYECKUX CBOicTBax craructuku [Inpcona

x2.o 3 )
n " : npO
=1 1
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npu runoTese (KOTa NCTHHHBIE BEPOATHOCTH P = §°) W ajabrepHaTHBe (Korna f # pl).

e Haunewm co caydaa g # p°.Ilepenumem X2 B BUE
m
2 _ K 0\2, 0
Xy = ”;(n pi) /Pi

ITo 3akoHy Gostbimx uymMcest (B JaHHOM CJIydae - 9T0 Teopema BepHysm)

—H—p
[TosTOoMmMy : 0y
p 2 pi — P;
S(Z =) /) Y
=1 T i=1 p;

— —=()
DTOT Npenest MOJIOKUTEJIEH, €CJTN W TOJHKO €CJN J # P .

Otcrozia ciemyer, 9To Tph AJbTEePHATABE CTATUCTAKA X2 HEOTDAHNYIEHHO BO3DACTa-
€T:
pu 1, — O0.
A X2 = __ =0,
o CIMIITOTNYECKOE IIOBEICHUE n OIPHU TUTIOTE3E D = P .

Teopema(Karl Pearson, 1900r. - mpumepHo)

CayuJaitHaa BeIUYWHA,

pu 1 — 00.

(Coywaiinas BeMYWHA X2 TPM N — OO CXOMWTHCHA TIO PACTIPENETHUIO K XN-
KBaapaT ¢ (m-1) crenmeHnaMu cBOGOIH).

Taxum 06pazom, Gosbimme 3Ha9eHnsa X2, MaJIOBEPOATHBIE TpK runorese Hy, oKasbl-
BaloTCA B obOJiacTu GOJIBIINX BEPOATHOCTeH pm abrepHaTuBe Hy.

Ha sTom cBoitictBe X2 1 OCHOBAHO TIPUBEIECHHOE BHIIIE MPABUIIO MPOBEPKA THIOTESHI
e — 70
Hy:p=p°.

2 Jloka3zaresibcTBO TeopeMmbl KapJia IIupcona.

2.1 MmuoromepHaa Teopema MyaBpa-JlanJsaca.

B ONUCaHHOH BHIIIE cXeMe UCIBITaHU’ BepHyJIJII/I cm HCXO)IaMI/I, apu n — OQ:
1 — d —=T
\/ﬁ(ﬁﬂ—ﬁ) — N(0,P —pp")
e P == diag(pl, - ,pm) - JVarOHaJIbHAaA ManHHa
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Hoxasameavcmso.

Hoka3aTebCcTBO 3TOW TEOpEMBbI MOXKHO TPOBECTH METONOM XapPaKTEePUCTUUYECKUX
GyHKIMi TpakKTUUECKN TaK Xe, KaK 1 JI0Ka3aTeIhbCTBO KJIacCuueckoi Teopemn MyaBpa-
Jlannaca, kortma m=2.

B aroMm mocsienHeM ciiydae oOBIYHO PACCMATPUBAIOT HE BECH BEKTOD YACTOT (IBYMep-
HBIi1), HO JIMINb OJHY €ro KOODAMHATY, W60 BTOPAA MPU 3TOM MOJTHOCTHIO ONPENeJIseTcs
nepBoit (MX CyMMa paBHa 7).

[IpencTaBiasgem BEKTOD ji = (i1, - - -, fm) B BUJE CYMMBI 71 HE3aBUCUMBIX 1 OJMHAKOBO
PaCIpeNeJIEHHBIX CIIyYaliHbIX BEKTOPOB Z;, j = 1,7m, j - HOMep UCIbITAHUA.

Bce xoopnnHATH m-MePHOTO BeKTOpa Z; paBHbI (), 32 UCKJIIOUEHNEM OHHOM, KoTOpas
paBHa 1. Enununa cTouT Ha TOM MecTe, HOMED KOTOPOTO COOTBETCTBYET OCYIIECTBUBIIE-
MyCs B j-OM WCTIBITAHUU UCXONY W3 pama Ai, ..., Ap,.

fAcno, uto

n
i=2.7
j=1

W 9TO CJIydaifHble BEKTODHI L1, ..., %L;, ... HE3ABUCAMBI ¥ OJWHAKOBO PacIpeleseHsl.
CorutacHo TeHTpaJIbHOH TIpeneTbHOW Teopeme JId HE3aBUCHMBbIX W OOWHAKOBO Dac-
TIpeIEJIEHHBIX CJAYyYaltHBIX CJaraeMblx, IpHU 71 — 00

rie

OueBnoHbIf MOICYET JAET

EZ;=p, Di=P—pp"
BametnMm, uto Marpuna P — 5P’ - BeipoxkeHa. Ee panr pasen (m-1).

Ecsiu 651 He 3T0 06CTOATEHCTBO, TPEIETbHOE PACTPENEIEHNE XN-KBIPAT A1 HOPMbI
BEKTOPa

& -5 N(0,3)

MBI MOTJIN OBI IOJIYYUTH HEMEIJICHHO. N6o O4Ye€BUOHO, YTO

ery-1e, -4 X2 (m)

3 IokazaresabcTBO Teopembl KapJia IInpcona.

Brenem B paccMOTpeHME BEKTOD

_1y9,1 S
&n 1= VP~ - ).
Jlerko BUIeTh, 9TO IpH 1 — OO
€n = N(0,1 — 227,
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rrie | - enuHEUYHAA MATPUTA, 2 = (\/D1, /P2, - - - » /D) -
BeneM OpTOTOHAJIBLHYI0 MaTpHIly V, IepBad CTPOKA KOTOPOH €CTh (\/D1, /P2, - - - /D) - 5
a TMpoYMe CTPOKY - TPON3BOJIbHBL. 3aMETUM, 9TO TPH 7 — 00

Vé, =5 N(O, 1)

roe I, - marpuna (m X m), KOTOpad MOJIy4eHa W3 €IMHWYHON 3aMeHoll JieBoll BepxHeit
€VHUIB] HYJIEM:

00 ... 0

01 0
11:

00 ... 1

910 JOKa3bIBa€T IPOCTad BbIKJIaOKa:

D(V¢E,) = V(Dfn)VT =V(1- zzT)VT _

10 ... 0
00 ... 0
VVT —(V2o)(V2)T =1 - :
0 0 . 0
uéo Vz = (1,0,...,0)T.
Tenepn
ool 1 2 & (i — np;)
&l* = Vo(=pi—p)) =Y ~———=,
6 = 2 ( v —p) =3
a Takxe
&al” = [V&* == IN(0,I))]* = x*(m — 1)
O

3neck wepes |N(0, [1)|> mb1 0603HAYMIN KBAAPAT [JIVHBI, T.€. CyMMY KBAIPATOB KO-

OPIMHAT TayCCOBCKOTO BEKTOPA
T
(077727 e 777m)
Te 7o, ...,7m CYTh HE3aBUCHMbIE CTAHHAPTHBIE TAYCCOBCKWE CJIydaliHble BETMYNHBI
N(0,1).
ITo onpenenennto,
2 2 _ 200 1
Mt .+ =x(m—1).

O

4 CJi03KHBIE TMIIOTE3bI.

3ech MBI PACCMOTPHUM THIIOTE3HI O [ BUIA
H:peq@
rae () - HEKOTOpOe 3aIaHHOe TJIAIKOe MHOT000pa3ne, IPUHAIIEKAIIEe CUMILIEKCY
{p: ﬁnjl Piyp1 > 0,...,pm > 0}, "Iiagkoe” 3mech 03HAYAET, YTO B Kaxk ol Touke P € ()
=

CYIIeCTBYyeT KacaTeJbHoe JnHeitHoe MHOTO0Opasue. PasmepHocTh f 0603HaYNM Yepes 7.

CnpasenyinBa
Teopema 1(J. Neyman, E. Pearson,1928):
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IIpn n — oo

m

(%) min (i = npi) 4, X’(m—r—1).
peQ ;o np;
3ameTnM, 4TO TpPHU BHIYUCJEHUN CTATUCTUKY U3 (*) OOBIYHO HAXONAT W TO 3HAYEHUE
7 € @, mpu KOTOpOM mocturaercsa MuHUMYM B (¥). DT0 MmHMMmBMpYOIIEe 3HAYEHWE
YaCcTO HA3BIBAIOT ouenkol P € (), mojydennoh mo "memody munumymae cu-xeadpam”.
Hpyraa dhopmympoBKa To#t Ke TeopeMbl BOSHUKAET, KOTIa MHOT0OGpasne () 3a0aH0
napaMeTPUIEecKH, T.€., KOTHA TUIOTE3a P € () MpencTaBuMa B BUIE

7 =p(0)

rne 0 - r-MepHBIit TapamMeTp.

[Iyctn én - OTIEHKa HaMOOJIbINEro MPaBIONOHo0U IJ1d HEM3BECTHOTO ), OCHOBaHHAaA HA
YACTOTAX [h1, . . . , b (JIMOO MHALA OIIEHKA, HO C TEMU XK€ ACUMITOTHIECKUMHU CBORCTBAMH,
YTO U én) Torma cupasenuBa

Teopema 2.

IIpn n — oo

(**) i (:u'i - npi(e))2 d

- = x*(m —7 —1).

DT TeopeMbl W Apyrue, NONoOHbIE, YaCTO CBA3LIBAIOT ¢ mMeHeMm P. @umepa (R.A.
Fisher).

Quiep, neHCTBUTEIbHO, OBLT MEPBBIM, KTO 3aMETUJI YMEHBIIEHNE YNCJa CTemeHeit
cBOOOMIBI TIPENEJILHOTO pacUpeneHUud XU-KBAJIpaT, KOT/a TMapaMeTphl ONEHUBAITCA TIO
BBIOOpPKE, 1 POBHO HACTOJIBKO, CKOJIbKO HE3aBUCUMBIX TAPAMETPOB MPHUILIOCH ONEHUTD.
On obHApPYXMJ 3TO TPHU NMPOBEPKE TUMOTE3H 0 HE3aBUCUMOCTHM TMPU3HAKOB B Tabsmiax
conpsxeHHoCTH. MBI 6ynemM ToBOpUTb 00 3TOM B §4.

A ceituac, 9T0OBI OKOHYNTH, ChHOPMYIMpPYyEM TpaBmIo TpoBepku H : F € (), ocHOBaH-
HOE Ha TIPUBEIEHHBIX BHINIE TEOpeMax. A Takxke Ha ToM dakTe, 4To craTucTuku (*) mim
(**) HeOrpaHWYEHHO BO3PACTAIOT MPHU N — OO, €CJIM UCTUHHOE 3HaueHne J ¢ Q.

IIpasuJio nposepkn H : g€ @ npotus H : ' ¢ Q.

Otsepraem H Ha (npubsmxkenHoMm) ypoBHe £ > 0, ecsn crarucruka (*) win
(**) mpeBocxomut (1-¢)-xBarTmab X*(m — 1 — 1).

D10 mpaBUSIO MpUMEHUMO ”jid gocTarodno Gosbmux n”. OcropoxHad (KOHCEpBa-
TUBHAdA) TPAKTUYECKasd peKoMeHmamus: p; > 5. (Bpouem, pasHble aBTOPHI TOBODAT He-
CKOJIbKO DA3JIMIHOE HA 9Ty TEMY.)

5 TaOsuibl CONIpPsAXKE€HHOCTH.

[IpenmnosioxuM, 4TO KaXIbIik 0OBEKT HEKOTOPOH (6eCK0HeqH0i71) COBOKYIIHOCTU MOXKET
OBITH KJIacCuUIMPOBaH 110 nByM npusHakam A m B. [lpusHax A npum 3ToM r 3HaYEHUIA,
npusHak B - s 3HadeHwit, cOOTBEeTCTBEHHO Ai,...,A, u By,...,B;. Kaxnpit o6bekT
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obsianaer HekoTOpOt KoMOuHanmeit A;B;, rne ¢ = 1,7, j = 1, s, kombuHauneit 3nadeHmit
npusHakoB A u B.

Ilycts p;; obnanaer kombunanmeit npusnaxkos A;B;.

ITycth ;5 - unciio komGunanmit A; B;, 3aperncTpupoBaHHOE IPA CIIy9aitHOM BEIGODE 7
00BEKTOB M3 TeHEPAJIBHOM COBOKYIHOCTH (f4;; - BLIGOpOUYHBIE YacToTHl). Tabsmiy gactor
iz i = 1,7,5 =1, s|| HaswBator mabauyeti conpaxcennocmu Tpu3HaKoB A n B.

BaxHas cTaTMCTHYECKas TUIIOTE3a - TUIOTE3a O HE3aBUCHMOCTH NPU3HAKOB A u B.

B sTom cayuae

pij = P(A;B;) = P(A;)P(B;).

BeposaTtHocTn nosBiaeHna A; 1 BEPOATHOCTb NOABIEHNA B; 0603HAYNM depes p;. 1 p.;

cooTBeTcTBeHHO. 1Ipm saToMm

8 T
i = Zpij,p-j = sz‘j
j=1 i=1

'mmoTesa He3aBUCUMOCTH IIPU3HaAKOB TE€IEepb MOXKeT OBITD BbIpazK€Ha TakK:

H:pj;=pip; nnaseex 1= 1,75 =1,s

Kaxnoe m3Biieuenne 06beKTa N3 TeHEPATHLHON! COBOKYITHOCTH - 3TO MCHIbITaHNe Bep-
HYJLTH, KOTOpOe OKaHYMBAaeTCd ONHUM U3 m = 1§ ucxonos A;B;.

IIpu rumorese H : p;; = p;.p.j, BEPOATHOCTH 3TUX MCXOOOB BHIPAXKAIOTCA depes3 TIa-
PaMeTpHI p;., p.;. 1109TOMy BEKTOp BepodTHOCTE! (B JAaHHOM CJIydae - MaTpUIa pasMepa
(r x s)) ¢ = |pij| npunagnexur (r + s — 2)-mepHOMY MHOI‘OO6pa31/IIO (PasMepHOCTM
WMEHHO T 4 § — 2, TaK KaK MapaMeTphl MOMUYNHAITCA CBA3ZAM Z pi. =1, Z pj=1)

j=1
HOCKOJIbe MBI IMe€eM [€J10 C UCTIBITaHNAMN BepHleJm ¥ TUIIOTE301 O BGpOHTHOCTHX

B 9THUX MCIBITAHUAX, Mbl MOXKEM BOCTIOJIb30BATHCA PE3YIbTATAMA MYHKTA 3.

s aT0oTO HaltmeM oIeHKN HaubOJIbIIETro NMPaBIoNnoao0ua IJid p;. U P.j, ¥ 3aTeM IpH-
mernM Teopemy 2.

I[IpBronomobue ||p;;||, ocHoBanHOE Ha TabiuIe |u;;|, paBHO

i (pig)H.

ITpn runmoTese He3aBUCUMOCTH IpaBHobUE yHPIMaeTCd: ITpaBIonomobme
|pi~ap~j77» =lrj= 1,s| paBHO

L)

Const [[(pe)* T[ (ps)"

i=1 j=1

3 r
TOE [y = Y. Mij, M. = Y. Mij, Const o3HaUaeT MHOXNUTeNb, He cofepXKaluit mapa-

METPOB Pj., P.j (1 O3TOMY He BJIMAIONMIT HA OIEHKW HANOGOJIBIIETO MPaBIONONO0N).
Ilajtee JieTKO HAXOMUM OIEHKW HAMOOJIHIIETO TPABIOTOHO0OMS:

po=Erp; =B ami=Tr =T
mn mn

Craructuka X?L n3 Teopemnl 2 3nech
i g )2
)

/-‘LZ] MT
Z Z Ty
n n

i=1j5=1
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IIpn rUnOTE3€ HE3aBUCUMOCTH TIPU3HAKOB
2 _d, 2
Xp = x((r=1(s = 1)),
neors — (r+s—2)—1=(r—1)(s—1).
['MnoTesy HE3aBHCHMOCTM NPU3HAKOB CJIENYET OTBEPTaTh, €CJIM HaOJII0JEeHHOE (BBI-

9NCJIEHHOE) 3HAYEHWE CTATUCTUKYM X CJIMIIKOM BEJIHKO (M0 CPABHEHWIO C KBAHTHUJIAMHA
pacrpenesHia XU-KBaIpaT ¢ YKa3aHHBIM YUCJIOM CTeneHel cBOGOIbI).
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